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Approximate broadcasting of quantum correlations

Wei Xie,"" Kun Fang,':’ Xin Wang,'* and Runyao Duan'-?-
! Centre for Quantum Software and Information, Faculty of Engineering and Information Technology,
University of Technology Sydney, New South Wales 2007, Australia
2UTS-AMSS Joint Research Laboratory for Quantum Computation and Quantum Information Processing,
Academy of Mathematics and Systems Science, Chinese Academy of Sciences, Beijing 100190, China
(Received 25 May 2017; published 3 August 2017)

Broadcasting quantum and classical information is a basic task in quantum information processing, and is also
a useful model in the study of quantum correlations including quantum discord. We establish a full operational
characterization of two-sided quantum discord in terms of bilocal broadcasting of quantum correlations. Moreover,
we show that both the optimal fidelity of unilocal broadcasting of the correlations in an arbitrary bipartite quantum
state and that of broadcasting an arbitrary set of quantum states can be formulized as semidefinite programs
(SDPs), which are efficiently computable. We also analyze some properties of these SDPs and evaluate the

broadcasting fidelities for some cases of interest.
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I. INTRODUCTION

Copying information is a rather simple task in the classical
realm, but unfortunately not in the quantum realm. One is not
allowed to create an identical copy of an arbitrary unknown
pure quantum state due to the no-cloning theorem [1,2]. One
can clone a set of pure states if and only if they are orthogonal.
The no-broadcasting theorem [3] generalizes this result to
mixed states, saying that a set of quantum states can be
broadcast if and only if the states commute with each other.

These no-go theorems can be further extended to
the setting of local broadcast for composite quantum
systems. Given a bipartite quantum state p4p shared
by Alice and Bob, their objective is to perform lo-
cal operations only (without communication) to produce
a state pa .58 = (Aasaa, @ Tpopp)pap such that
Tra,B, Pa 4,88, = TTa,B, PA, 48,8, = Pap (see Sec. II for
notational convention). It is shown in [4] that this task can
only be performed if p4p is classically correlated. Even if the
task is relaxed to obtain two bipartite states with the same
correlation as p4p (measured by the mutual information), it
is feasible to do the task if and only if the given state psp is
classically correlated. This is called the no-local-broadcasting
theorem [4]. Furthermore, when the local operations are only
allowed for one party (e.g., Alice), the task can be done if and
only if p4p is classical on A [5-7].

When the task of perfect broadcasting cannot be accom-
plished, it is natural to ask whether the broadcasting can
be performed in an approximate fashion, and how to design
the optimal broadcasting operation. We shall study the ap-
proximate broadcasting of states and correlations by utilizing
semidefinite programs (SDPs). In Ref. [8] the Bose-symmetric
channel is considered as a unilocal broadcasting operation and
an SDP is derived for this problem. Semidefinite programming
optimization techniques [9] have found many applications to
the theory of quantum information and computation (see, e.g.,
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[10-18]), and also to the study of quantum correlations (see,
e.g., [8,19-21]).

Quantum discord (see Sec. III for definition), as an
indispensable measure of quantum correlation beyond en-
tanglement, is introduced in [22] and [23] independently. It
is argued [24] that quantum discord is responsible for the
quantum speed-up over classical algorithms. Quantum discord
is a quite useful concept in many fields of quantum information
processing, such as local broadcasting of correlations [4,25],
quantum computing [26], quantum data hiding [27], quantum
data locking [28], entanglement distribution [29,30], common
randomness distillation [31], quantum state merging [32-34],
entanglement distillation [34,35], superdense coding [34],
quantum teleportation [34], quantum metrology [36], and
quantum cryptography [37]. Quantum discord has become an
active research topic over the past few years [38,39].

The local broadcasting paradigm can provide a natural
operational interpretation to quantum discord. Remarkably,
the minimum average loss of mutual information resulting
from local operation A_, 4,..4, on A for arbitrary quantum
state p4p approaches the quantum discord Ds(pap) of pap
as n goes to infinity. This result is established in Ref. [25]
and it generalizes the work in Ref. [40] which considers
pure states psp only. However, it remains open as to whether
there is an analogous connection for the two-sided setting of
redistributing correlations [39].

In this paper, we study the approximate broadcasting of
quantum correlations in both asymptotic and nonasymptotic
settings. In the asymptotic regime, we rigorously prove the
conjecture in Ref. [39] and show an operational meaning
of the two-sided discord in terms of bilocal broadcasting of
correlations; that is, the asymptotic minimum average loss
of correlation after optimal bilocal broadcasting is exactly
the two-sided quantum discord of the initial state. In the
nonasymptotic regime, we give an alternative derivation for
the SDP characterization of the optimal unilocal broadcasting
fidelity and show that the universal quantum clone machine
(UQCM) can also serve as the optimal universal unilocal
broadcasting operation. Moreover, the optimal state-dependent
unilocal broadcasting operation for pure two-qubit states is
analytically solved. Similarly, we establish the SDP for the
optimal broadcasting fidelity of a finite set of quantum states.
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II. PRELIMINARIES

A quantum system A is associated with a Hilbert space H 4
of dimension |A| with some fixed orthonormal basis {|j)4};.
In this work, we only deal with finite-dimensional spaces,
and the spaces of systems with the same letter are always
assumed to be isomorphic, for example, H4 = Hy = Ha, =
‘H a,. The linear operators from H 4 to Hp are always written
with subscripts identifying the systems involved, for example,
X a— . We denote S(A) as the set of density operators [41] on
system A.

A quantum operation (or channel) £4_, 5 With input system
A and output system B is a completely positive (CP), trace-
preserving (TP) linear map from the linear operators on H 4
to the linear operators on B. A quantum-to-classical channel
F is a CPTP map such that F(-) = Z/‘ Tr(M;-)|j)jl, where
{M;}; is a positive operator-valued measure (POVM). The
set of all quantum-to-classical channels is denoted by QC.
Since the subscript of an operator or operation specifies
its input and output systems, we can write a product of
operators or operations without the ® symbol, and omit
the identity operator or operation 1, which would make no
confusion; for example, X pYpc = (X5 ® 1)1 4 ® Ype)
and Ep_.c(X4p) = (14 @ Ep.c)X as.

The Choi-Jamiotkowski matrix [42,43] of a quantum
operation E4_,p is Je = (15,1 ® Ea—)Pi4, Where ¢5, =
> X is the unnormalized maximally entangled state.
The output of the channel £4_, g with input o4 can be recovered
from Jg by E4-p(pa) = TrA(JgT*‘pA), where T4 denotes the
partial transpose on A.

We use H(-) to denote the von Neumann entropy of
quantum states, H(A|B) := H(AB) — H(B) the conditional
quantum entropy, and /(A : B) := H(A)+ H(B) — H(AB)
the quantum mutual information. The fidelity F(p,0) =
Tr,//po./p, as a measure of similarity between quantum
states, can be viewed as the optimal solution to an SDP
[44,45]. The diamond norm can be used to give the distance of
two quantum operations &, F, thatis, || — F ||, = sup{||[(€ —
F)@ L)Xy : || X|l; = 1}, where || - ||; is the trace norm. In
addition, we denote [n] = {1, ...,n}, and denote by | - | the
cardinality of a set or the dimension of a linear space.

III. ASYMPTOTIC BILOCAL BROADCASTING AND
TWO-SIDED QUANTUM DISCORD

A. Previous results

The concept of quantum discord was introduced in [22,23],
where the one-sided and two-sided quantum discord of a
bipartite state p4p are defined by

Da(pag) := min [1(A:B),, — I(A: B)e,o1ps). (D

QC
D4p(pap) := gA.r;lEngC [1(A:B)y,, — I(A: B)e,oFou)»
2
respectively.

It is shown in [25] that the one-sided quantum discord
is equal to the asymptotic average loss of correlation after
the optimal broadcasting operation. Consider the following
scenario. Alice and Bob, away from each other, share a
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FIG. 1. Unilocal (left) and bilocal (right) broadcasting of quan-
tum correlations in initial state p, . The objective is for the quantum
channels A,T" to make the states on A; B or A;B; as close to p,, as
possible measured in some way.

bipartite quantum state p4p. The information, or correlation,
shared by them is measured by quantum mutual information
in what follows. The goal of Alice is to broadcast the mutual
information between them to many, say n, recipients, using
local operation only. If the state is not classical on A, she
cannot perform the task perfectly [5-7], and the mutual
information between each recipient and Bob would decrease
in general. Now her task naturally becomes to design a
broadcasting operation in order to minimize the average loss
of mutual information. Remarkably, the minimal average loss
of correlation approaches quantum discord D4 of pup as n
tends to infinity, as revealed in the following proposition.

Proposition 1 [25]. Let pap be a bipartite state and Dy
is defined by Eq. (1). Let As—4,..4, be a CPTP map and
Aj = Tr\A/. oA. Then

n

1
- > A B,

j=1
— (A} : B)a,01)p15)-

Dp(pap) = lim  min
n—>00 Ap—s Ay ..An

B. Operational interpretation of two-sided quantum discord

We will give an operational interpretation of two-sided
quantum discord in terms of bilocal broadcasting, analogous
to the case of one-sided quantum discord (see Fig. 1).

Theorem 1. Let psp be a bipartite state, and the two-
sided quantum discord Dsp(pap) is defined by Eq. (2).
Let As-4a,.4, and I'p_ 5, p, be CPTP maps, and denote
Aj:=Tra, oA and I'; := Tr\p, ol". Then

n

. o1
Dpp(pap) = lim min — Z [I(A 2By

=00 Apspp.a, 1

s By..By

- I(AJ : Bf)(A_/®Fj),0AH]'

j=1

To prove this theorem, we need the following result.

Lemma 1 [25]. Let A : S(A) > S(A;®---® A,) be a
CPTP map. Denote A; := Tr\a; oA, and fix a number 0 <
8 < 1. Then there exists a POVM {E;}; and a set S C [n] with
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|S| = n(1 — §) such thatforall j € S,

In(2)|A[° log, |A]\ '
ns3 ’

with £;(-) := )", Tr(Ex-)oj i for states o, € S(A;). Here |A|
is the dimension of the space A.

We also need the continuity bound of mutual
information. Let p4p,04p be bipartite states on system
A, of dimension |A|> 2, and system B. Assume y :=
%H,oAB —oagll1 < % Due to the Fannes-Audenaert
inequality [46,47] and the fact that quantum operation
cannot increase trace distance between two states, it holds
that |H(A)py = H(A)oyy| < 51104 — 0alli logy(IA] —
D)+ ho(31p4 = 0all) < v logy(JAl = 1) + ha(y),  where
hy(x) := —xlog, x — (1 —x)log,(1 —x) is the binary
entropy function. Due to the Alicki-Fannes inequality
[48] (see also [49] for a tighter continuity bound for
conditional entropy), it holds that |[H(A|B), — H(A|B)s| <
8y log, |A| + 2h,(2y). Therefore,

|[(A: B), — I(A: B),|
< |H(A), — H(A)o| + |H(A|B), — H(A|B),|
< 8y log, |A| + y logy)(JA] = 1) + 2ha(2y) + ho(y). (4)

We are now in the position to prove Theorem 1.
Proof. The desired statement is equivalent to

1A =&jlle < 3( 3)

max I(A:B
£4.FyeQC ( )(€A®fB)PAB

n—oo AI' n

. 1 n
= lim max — ZI(AI : Bj)(A_;®F_,),0AB'
j=1

Assume the POVMs that achieve [I.(A:B):=
maxg, ryeqc 1(A : B)e,oFo,s are {M;}; on A and
{N;}; on B, then one can take A(-) =Y, Tr(M;-)|i)(i|®"
and T'() =Y, Tr(N;)|i)i|®". It follows that I.(A : B) <
maxa . r % Z;:l I(Aj: Bj)a;er;p.» and it remains to
show that I.(A: B) > lim, . maxur % Z;:l I(A;:
Bj)(Af®Fj)PAB'

Similar to Lemma 1, letI" : S(B) > S(B; ® --- ® B,) be
an arbitrary CPTP map, then there exists a POVM {F;}; and a
set S’ C [n] with |S’| > n(1 — 8) such that for all j € S,

In(2)| B|°log, |B|'\ "’
né3 ’

with F;() ==, Tr(F;;)ajf’k for states ojf’k € S(Bj). There-
fore for fixed 0 < & < 1, there exists S” C [n] with |S”| >
n(l — 26§) such that Egs. (3) and (5) hold simultaneously for
all j € §”. Thus

1A, @T; =& ®Fjllo < 1A = Ejllo +1IT; = Fjllo

1/3
<6 In(2)d® log, d e
né?

IIFj—fj||<><3< ®)

where d := max{|A|,|B|}.
For any state p4p, by definition of the diamond norm, we
have

I(A; ®T)pap — (€5 @ Fj)parlh
<A ®T; — & ® Fillo < & (6)
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‘We now have

I(Aj : Bj)a;er)ous
< I(A; : B))esarpn +4€10g, |A;] + %10g2(|A,-| D
+2hs(e) + ha(e/2) )
S I(Aj  B)@E eF o T 41082 14)]
+ 5 loga(1A;] = 1)+ 2ha(e) + hae/2)

£
< I(A: B)+4elog, |Aj| + 5 log,(JA;| —1)
+2hy(e) + hy(e/2) =: K, ®)

where Ei() =), Tr(Ex)kj)k;| and Fi() =
o Tr(Fk~)|k})(k_’,- |,and {|k;)}, and {|k})}k/ are the orthonormal
basis of systems A; and B; respectively, the first inequality
follows from the continuity bound Eq. (4), and the last
inequality follows from the fact that local operations cannot
increase mutual information.

Set § = n~1/°, then as n — oo one has 8,6 — 0 and K —
I.(A : B). It follows that

1 n
- Z I(Aj @ Bj)a;0T)pas
j=1

1
< —[(1=28)n- K +26n-2log,d']
n
— K —> I.(A:B)asn — o0,
where d’ := max{|A;|,|B;|};. Thatis,

1

n
Jim max — % (A B erps < (A B),

j=1

and we are done. |

IV. OPTIMAL UNIVERSAL AND STATE-DEPENDENT
BROADCASTING OF CORRELATIONS

We now turn to the nonasymptotic regime of the local
broadcasting of quantum correlations. We first study the
optimal universal unilocal broadcasting and then the optimal
state-dependent unilocal broadcasting.

A. Optimal universal unilocal broadcasting

We first give a general definition for the unilocal n-
broadcasting fidelity of a bipartite state.

Definition 1. Given a bipartite state psp, the optimal
unilocal n-broadcasting fidelity of p4 5 on system A (see Fig. 1)
is defined as the following optimal fidelity:

1 n
Ja(poyp) = sup p Z F(pap, Trva; Aasa,..a,(Pap)
=1

A4 .4, 1s a quantum channel ¢ . 9)
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Since the set of quantum channels is compact and the
fidelity function is continuous [50], the supremum in Eq. (9)
is attained. Define a unitary operator W, on systems A; - -+ A,
for each permutation = € §,,, by the action
ujn"(n))

Weljtsjos o oosdn) = iz Jr-1@)s + - -

for any choice of |j;),|j2),...,|jx). A quantum channel
A A 4,4, 15 called a symmetric broadcasting channel, if

A(p) = Wx A(p)W,

forany p € S(A) and 7 € S,,.
We notice that for any channel A 4_, 4,..4, and 7w € S, A(:)
and W, A(-)W] give the same average fidelity in Eq. (9), since

Tr\a; B Aasay..a,(Pap)

=Tra_, B W;TAA—>A1...A,I(IOAB)W7I'

1
Thus & > s Wx A()W], whichis a symmetric broadcasting
channel, also gives the same value. So we only need to
consider the supremum over symmetric broadcasting channels.
In Eq. (9), when A is a symmetric broadcasting channel, the
summands are all the same.

Therefore, the optimal unilocal n-broadcasting fidelity of a
bipartite state p4p on A can be rewritten as

fu(pap) =max {F (o, Tras Aacsa,.a,(Pap)) :

A A 4,4, 1s a symmetric broadcasting channel}.
10)

It is verified that A4, 4,..4, 1S a symmetric broadcasting
channel if and only if its Choi matrix J, satisfies J, =
W, AW} for any m, ie., Jy =1 Y wes, WaJaW]. Using
this symmetry, we give the SDP characterization for optimal
unilocal broadcasting fidelity as follows.

Theorem 2. The optimal unilocal n-broadcasting fidelity of
pap on A is given by the optimal solution of the following
SDP:

1 ,
Jfa(pap) = max 3 Tr(Xap + X))

PAB Xap
s.t. t . >0
Xap  Tras(J ' pas)

JAAI"'An =0, Tr\A ‘]AAI"'An =14,
1
JAAl-uA,, = ’7 Z WnJAAlmAnW;, (11)
TES,

where W, actson A --- A,,.

Proof. 1t suffices to consider the symmetric broadcasting
channels only. Let J44,...4, be the Choi matrix of As_ 4,..4,,
then for any p4,

Aasa-a,(pa) =Try (J,ZAAIA--A,T/)A)'
By linearity, for any pap,
(Aasay-a, ® Lp)pap = Try (JXAA,MAHIOAB)’
and

Tr\a;58(A @ 1p)pap = Tr\a;n (J‘ZZIMA'TIOAB)
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Now we can rewrite the optimization problem in Eq. (10) in
terms of the Choi matrix of A as

fa(pap) = max F(pagp,0ap)

~ T
s.t. oap = Tn\a,B (JAQIA..A”,OAB),

Jaa.a, 20, TraJaa,..a, =14,
1

Tana, = — > Wadana, Wi (12)
" wes,

The fidelity function F(p,o) of two states p,o is given by the
optimal solution of the following SDP [44,45]:

1
F(p,0) = max 3 Tr(X + XT)

p X
S't'<X* 0)20. (13)

Combining Egs. (12) and (13) gives the desired SDP (11). B

Remark. The only difference between the SDP (11) and that
in Ref. [8] lies in the symmetry of the broadcasting channel,
thatis, J = W, J W; for any w € S, is required in our SDP. In
Ref. [8], it is required that J = W, JW;2 for any my,m € S,
which makes sure that the output state lies in the symmetric
subspace. These two SDPs are different generalizations of
perfect unilocal broadcasting. But the SDP (11) here has a
more direct derivation, and it is clear that the optimal solution
to SDP (11) is no less than that to the SDP in [8]. Numerical
experiments show that the two SDPs give the same optimal
solution for some cases of p4p, but we do not know how to
give a rigorous proof or disproof for the general case up to
Nnow.

In the SDP (11), if (J4a,..a,,Xap) is a feasible solu-
tion of f(pap),then (14 @ U®")Jan,..a,(1sa @ U, (Us ®
V)X ap(Us ® V)T is a feasible solution of fUa®
Ve)pap(Us ® V)t for any local local unitaries U4 and V.
In other words, the unilocal broadcasting fidelity f,, is invariant
under local unitaries.

We now consider the unilocal broadcasting fidelity of a
pure state Yap := |¥)X¥|ap, and especially the maximally
entangled state, under the action of the symmetric broadcasting
channel. The optimal unilocal broadcasting fidelity f;, of a pure
state ¥4 p can be written as

fo(Wap) = max /Tr(PapV¥an)

~ T,
S.t. oaB = Tr\AlB (JAAA]___AﬂwAB),

JAAI---A” Z 0, TI“\A JAAI---A,, = ]lA,
1
Janon, = = D Wadaaa, Wi, (14)
n!
TES,
where W, actson A --- A,,.

The corresponding dual SDP is
Jn(ap) = miny/TrY,

S.t.Y4,Z 44,..a, Hermitian,
T,
Trp (Y5 %a8) — Ya

1
_ 2 i
+Z n'E Wizw, <0, (15

" wes,

where again W, actson A; - - - A,,.
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Itis verified that the strong duality holds by Slater’s theorem
since Ja4,..4, = 1/|A|" isin the relative interior of the feasible
region of SDP (14). That means the optimal solutions to SDPs
(14) and (15) coincide.

Proposition 2. The optimal unilocal two-broadcasting
fidelity of the maximally entangled state &, := | D)} D,| with
|®Py) = f Z i—0 |]] on systems AB is given by

d+1

2d

Proof. We prove this proposition by explicitly constructing
feasible solutions in primal and dual problems, both of which

(@) =

can achieve the value of ,/ 5. In the primal problem, we take

d—1
Tanas = Y _ lvi)(uil, (16)
i=0
where
Iv) =~ 2|z>®|u>+§|1>®(|u>+|m>

This operation is also known as the universal quantum copying
machine (UQCM) [51,52].

In the dual problem, we take
%1(1, Zaaja, = —dd%l(dq’d — 1) ® L4,
where I = Y97, lii)(iil. ]

Remark. It is interesting that the optimal unilocal two-
broadcasting channel of the maximally entangled state is the
same as the UQCM which comes from the global broadcasting
setting. Much progress has been made on a quantum cloning
machine in the past years (see, e.g., [53,54]). For the d ® d
bipartite maximally entangled state, its optimal unilocal 2-
broadcasting channel is denoted as T4_ A, 4, With Choi matrix
(16) and

Ya =

d+2 1

Tra, Yo a,,(00) = 2d 2P + 2d+2]1d

is a depolarizing channel.
Next, we will introduce a worst-case quantifier for the
performance of unilocal broadcasting of a symmetric channel.
Definition 2. For any symmetric broadcasting channel
A A= 4,.-4,, We define the unilocal broadcasting power P(A)
of A as

P(A) := inf

F(pas: Trvas Alpan)). (17
paBES(AB) (Pa- Tr\a, Alpas)) (17)

The unilocal broadcasting power of a symmetric broad-
casting channel gives a measure of the universal unilocal
broadcasting ability for symmetric broadcasting channels. The
universality means it is independent of the input state. The
channel with a larger value of unilocal broadcasting power
is more capable of unilocal broadcasting quantum states in a
universal sense.

Based on the result of optimal unilocal two-broadcasting
fidelity of maximally entangled state, we will prove that the
optimal unilocal two-broadcasting channel Tg% 4,4, for the
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maximally entangled state has the greatest power for unilocal
two-broadcasting.
Lemma 2. For any d ® d pure state |1),

d+1
AU = at+l

2d
(18)
Proof. Consider the Schmidt decomposition [¢) =

> . AiliYali)p, where {|i) 4}; and {|i) g}; are some orthonormal
bases. Thus,

Pout = Tra, Yo 4 4, (VXY ])

F(I)W 1, Tra, Yo 4,0, (¥ XW D) =

S nksliil e (X2 i+ ——1

= l _—

- Vel 352 2d+2 1
a+2

- ; 1 19
2d+2 |+sz+2 1@l (19

Then the second inequality in Eq. (18) follows from
F2(Y )Y 1. Pow)

) + A
=r Ilﬂ)<¢,2d+2 Nyl + Z—2d+2|><]|®]ld

d+2
= 1
2d+2+22d+2<w|(|z><1|® DY)
_d+2 b d+2  (NA) _d+d
T 2d+2 (2d+2d T 2d+2 (2d+2d 2
(20)
[
Proposition 3. For any d ® d mixed state p,
d+1
F2p) 2 F (0. Tra, Yoo an,(0)) 2y -

Proof. Suppose p = Zj pjl¥iX¥;| is a pure state decom-
position of p and p; = Tra, Y4_, 4 4,(1%; ;). then we have

Tra, T4 (0) = Tra, Yo 4oa, | D pilvi sl
J

=P Tea, Y444, ()01

J
=Y pib;- @1)

J
Employing the joint concavity of fidelity, we have that
D pilViXeL Y piby
J J
> Y piFy)Wil6)

J

d+1 \/d +1

> = = 22

;p f\/ 2d 2 Y

where the last inequality uses the result in Lemma 2. ]

F(p. Tea, Y44 0,(0) = F
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Theorem 3. Y4 _ 4,4, has the strongest power for unilocal
two-broadcasting in d ® d system, i.e.,

_ d
m['ile(A) = P(TA_)A]AZ),

where the maximum is taken over all symmetric broadcasting
channels.
Proof. For any symmetric broadcasting channel A4, 4, 4,,
we have
PA) = inf
A

pABES(AB

)F(pAB, Tr\a,8 A(pag))
F(®4, Tr\a, 5 A(Dy))
F(®4, Tria,s Yo 4 4,(Pa))

d+1
2d 23
where ®; is the maximally entangled state. The second
inequality holds since Tg% 4,4, 1s the optimal unilocal two-
broadcasting channel for ®,.
For the unilocal two-broadcasting operation T4 _ 4, 4, from
Proposition IV A?, we have that

NN

d+1
d —
P(Y4aa,) = =i (24)
Combining Egs. (23) and (24), it is clear that Tzﬁ A, 4, Maxi-
mizes the unilocal broadcasting power P. Thus, it is optimal
under the setting of universal unilocal two-broadcasting. W

B. Optimal unilocal broadcasting for two-qubit pure state

In the following theorem, we give the analytical solution
of optimal unilocal two-broadcasting fidelity for the two-qubit
pure state. Since f,, is invariant under local unitary, we only
need to consider a two-qubit pure state in the form of |y) =
cos #]00) + sinO|11), 8 € (0,7r/4] without loss of generality.

Theorem 4. For the two-qubit pure state ¥y = |Yy )]
with |Yg) = cos@]00) 4+ sinf|11), 6 € (0,7r/4], its optimal
unilocal 2-broadcasting fidelity is given by

cos? 6 + (sin® 9)/«/5,
(%(0054 0 + sin* 9))1/2,

Proof. We prove this theorem by explicitly constructing
a feasible solution in both primal and dual problems which

achieves f>(Yp).
Case 1.1f 6 € (0, arctan(2~/*)], in the primal problem, we

construct the feasible solution

6 € (0, arctan(2~'/%)]

() = 0 e (arctan(271/4)77f/4]

Jana, = [0)(v], (25)
where
[v) = ]000) + 1 [101) + 1 [110)
v) = — — .
V2 V2
In the dual problem, we construct the feasible solution
_ V2cos?6 0
Yy = p( 0 sin20 ) where
_ «/Ecos2 0 + sin% 6
= 5 .
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1.05
— fa(tp)
| For ()
- 'f275(¢6)
=
goos
k=
oo
0.85 |
0 0.2 o4 .

0 from 0 to 7/4

FIG. 2. The solid line depicts the optimal unilocal two-
broadcasting fidelity f2(v), the dashed line depicts the fidelity of
unilocal two-broadcasting via channel 2, f5 z(1y), which almost
coincides with f,() except when 6 is close to /4, and the dotted
line depicts the fidelity of unilocal two-broadcasting via channel T,

Joxr(Yo).

Zana, = x(1000)(110] + |110)(000]
+1001) (111 + [111)(001]),

where x = ﬁp sin? 6. It is easy to check that J44,4, and
{Y4,Z 4, 4,} are feasible solutions to SDPs (14) and (15).

Case 2.If 6 € (arctan(2~1/%), %), in the primal problem, we
construct a feasible solution

Jaa a, = [vi){vi] + [v2){val,

where

2t 49— 4-2 t49
o) 2 7T (1001) + 010)) + |/ —= T 111y,

200t49 4 — 2tan49
) = [0 oy 4 110y + ./ 2222 000

In the dual problem, let us choose

Y _§ cos* 6 0
AT 3 0 sin*6 )’

Zaa, a, = x(1000)(110] + [110)(000]
+1001)(111] 4 [111)(001]),

where x = —3 sin? 0 cos? 6. Itis also easy to check that J 4, 4,
and {Y4,Z44,4,} are feasible solutions to SDPs (14) and (15).
[ |

From the above proof, we can see that the optimal unilocal
two-broadcasting channel is independent of parameter 6 in
the first piece, that is, 6 € (0, arctan(2~'/4)]. We denote this
channel as E with Choi matrix J4 4,4, (25).

We show the difference between the fidelity of unilocal
two-broadcasting via channel Y and E, denoted as f, v ()
and f> z(¥y), respectively, and the optimal unilocal two-
broadcasting fidelity f>(1y) in the Fig. 2.
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Ay Ay

Ay Ay
P1—3 A ' P2 — A .

An An

FIG. 3. Broadcasting states p;, 0, via the same channel A.

V. APPROXIMATE BROADCASTING
OF A SET OF QUANTUM STATES

A. Fidelity of broadcasting a set of quantum states

The no-go theorem for simultaneously broadcasting quan-
tum states [3] says that we cannot perfectly broadcast two
arbitrary noncommuting states (see Fig. 3). It is natural to ask
how well we can do the task approximately. Generally, given
m states p; with respective prior probability p;, how large an
average fidelity can we achieve when broadcasting these states
via the same channel? Mathematically, assuming the given
states p; are on the system A, we study how to optimize the
n-broadcasting fidelity g,(n) of an ensemble n := {p;,p;}/L,,
which is defined as

m n
1 -
gn(n) = sup Y | 3~ piF (o i)
im1 =
s.t. 0 = Tra, Aasa,..a,(0i),

A is a quantum channel. (26)

Using the idea in the derivation of Eq. (10), namely,
exploiting the symmetry in the broadcasting channel A, we
can simplify this definition. The n-broadcasting fidelity g, of
an ensemble 7 := {p;,p;}{.; can be rewritten as

g.(n) = sup Y piF(p;, pin)

i=1
S.t. ,6,‘1 = TI‘\A1 AA—)AIMA,, (pi),
A is a symmetric broadcasting channel. (27)
Theorem 5. The n-broadcasting fidelity g,(n) of an ensem-

ble n = {p;,p:i}{_, is given by the optimal solution of the SDP
in Eq. (29).

PHYSICAL REVIEW A 96, 022302 (2017)

Proof. The output state on system A; of broadcasting p; is
Bt =T, Aasaren,(p)) = Tra, (Jan,a,0]),  (28)

where Ja4,...4, 1s the Choi matrix of A4_, 4,...4,. By using the
SDP characterization of fidelity function, we then have

"1
galn) = max y = pi Tr(X; + X))

i=1

t(p" Xi ) >0, Vielm]
S.L. = U, l mi,
X,T Tr\a,(Jan,-a,P0)

JAAI---A,, >0, TI'\A JAAI"'An =14,
1
JaA A, = ; Z W,,JAA]...A"W;, 29)
TES,
where W, actson A --- A,,. |

VI. CONCLUSIONS AND DISCUSSION

In summary, we have studied the approximate broadcasting
of quantum correlations from several aspects. First, we
extend the operational characterization of one-sided quantum
discord to a two-sided one, that is, the asymptotic optimal
average mutual information loss after the action of two local
broadcasting channels is equal to the two-sided quantum
discord. Then we give an alternative derivation for the SDP
characterization of the unilocal broadcasting fidelity, based on
which we analyze some properties of unilocal broadcasting.
We show that the universal quantum clone machine (UQCM)
is also the optimal universal unilocal broadcasting operation.
Moreover, the optimal state-dependent unilocal broadcasting
operation for pure two-qubit states is analytically solved.
Finally, we also formulate the broadcasting of a finite set of
quantum states as an SDP.

It would be of interest to study other topics related to broad-
casting and correlations, such as the broadcasting of Gaussian
state and correlation, and the relation between Gaussian
quantum broadcasting and Gaussian quantum discord. One
can also study the asymptotic behavior of the n-broadcasting
fidelity of a finite set of quantum states in the large » limit.
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