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Abstract

We use the techniques of convex optimization, especially semidefinite programming, to
study two kinds of fundamental tasks, i.e., distillation and simulation in quantum information
theory. We investigate these tasks in a unified framework of resource theory and focus on
their computation and characterization with finite resources. Particularly we study the tradeoff
among relevant parameters such as the number of resource copies, resource transformation
rate, error tolerance and success probability.

In the first part, we study the task of distillation for two different resources, maximally
entangled state and maximally coherent state, representing nonlocal and local “quantumness”
respectively. For entanglement distillation, we derive an efficiently computable second-order
estimation of the distillation rate for general quantum states, which are tight for quantum states
of practical interest. Our study overcomes the limitation of conventional research either fo-
cusing on the asymptotic rate or ignoring the computability. For the coherence distillation, we
perform finite analysis for both deterministic and probabilistic scenarios. Our results unveil
several new features of coherence from a resource theoretic viewpoint and contribute to an
increased understanding of the fundamental properties of different sets of free operations.

In the second part, we investigate the resource cost of simulating a quantum channel via
quantum coherence or another quantum channel. We introduce the channel’s analogs of max-
relative entropy, logarithmic robustness and max-information of quantum states, providing their
operational interpretation with the channel simulation cost via different resources. Particularly,
we establish the asymptotic equipartition property of the channel’s max-information, that is, it
converges to the quantum mutual information of the channel in the independent and identically
distributed asymptotic limit. As applications, this asymptotic equipartition property implies
the quantum reverse Shannon theorem in the presence of non-signalling correlations.

From the perspective of resource theory, the worth of a resource can usually be character-
ized by the minimum distance to a set of useless resources under a proper distance measure. We
give such characterization for all the tasks studied in this thesis, and find that the distance mea-
sure for the distillation and simulation process naturally corresponds to the quantum hypothesis

testing relative entropy and the max-relative entropy, respectively.
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Chapter 1

Introduction

1.1 Quantum information theory

The discipline of information theory was founded by Claude Shannon in a remarkable paper
[Sha48] which laid down the foundations of this subject. The study of information theory con-
cerns how information can be compressed, stored, transformed and processed. In retrospect,
quantum information theory is largely motivated by its classical counterpart while adding the
magic ingredient of quantum mechanics. This new theory contains quantum generalizations
of classical components such as sources, channels, and codes, as well as some of its distinc-
tive elements, like quantum superposition and quantum entanglement. It has become clear
that an information theory based on quantum principles extends and completes the classical
information theory, somewhat as complex numbers extend and complete the reals. Quantum
information theory aims to explore the nature of information at the quantum level and reveals
new information processing capabilities beyond what is possible in the traditional models.
One fundamental difference between quantum information theory and its classical coun-
terpart is the basic unit of information. While classical information is characterized by the bit
(binary digits) which would have to be in zero or one regardless of its physical representa-
tion, quantum information is, by contrast, measured by the qubit (quantum bit) — a two-state
quantum-mechanical system, such as the polarization of a single photon, allowing for a super-
position of both states at the same time. More generally, a quantum state of n qubits is repre-
sented by a complex unit vector in the 2"-dimensional Hilbert space. The exponentially large
dimensionality of this space distinguishes quantum information processing from its classical
counterpart, whose state is described by a number of parameters that grows only linearly with
the size of the system. Alternatively speaking, the classical counterpart can occupy any one
of a complete set of orthogonal quantum states, whereas the quantum system can be not only

in the orthogonal states, but also in any linear superposition of the orthogonal states. “Hilbert



space is a big place!”, said Carlton M. Caves. Even simple quantum systems, having only a
small Hilbert-space dimension, have the potential for considerable complexity due to quantum
superposition.

Quantum information systems allow us to transmit data that is fundamentally secure and
solve problems that are beyond the power of classical computers. For instance, quantum cryp-
tography allows us to perform more secure protocols by exploiting the fact that observing data
encoded in a quantum state changes the state [BB84]. Another well-known application is given
by Shor’s algorithm [Sho94] used to efficiently factorize large numbers which cannot be done
in the classical world.

With the boosting investment from industry and academia, practical quantum informa-
tion applications are just around the corner, with prototypes of quantum cryptographic setups,
small-scale quantum computers already working in laboratories and the transnational quantum
internet under construction. A deeper theoretical understanding of the information-theoretic
aspects of the quantum theory would foster more exciting applications. Given the theoretical
promises and the current rate of experimental progress, quantum information technologies are
expected to bring transformative advances to our society in the coming decades.

In this thesis, we will study three fundamental components in quantum information theory,
that is, quantum coherence, quantum entanglement and quantum channels. We introduce a bit

more details about them as follows.

Quantum coherence

As a more general form of quantum superposition, quantum coherence represents one of the
most fundamental features that set the difference of quantum mechanics from the classical
realm. It plays a central role in physics as it enables applications that are impossible within
classical mechanics. The rise of quantum mechanics as a unified picture of waves and particles
further strengthened the prominent role of coherence in physics. Indeed, by combination of
the energy quantization and the tensor product structure of state space, coherence underlies
phenomena such as multi-particle interference and entanglement that play a central role in
applications of quantum physics and quantum information science.

Quantum optical methods provide an important set of tools for the manipulation of co-
herence, and indeed, at its basis lies the formulation of the quantum theory of coherence.
Here, coherence is studied in terms of phase space distributions and multi-point correlation
functions to provide a framework that relates closely to classical electromagnetic phenom-
ena [Gla63, Sud63]. However, quantum coherence is not only restricted to the optical fields.

More importantly, as the key ingredient that powers quantum technologies, it would be highly



1.1. QUANTUM INFORMATION THEORY

desirable to be able to precisely quantify the usefulness (worth) of coherence as a resource for
such applications.

Following an early approach to quantifying superpositions of orthogonal quantum states
by [Abe06], and the independent yet related resource theory of asymmetry [GMS09, GS08,
MS16], a resource theory of quantum coherence has been primarily proposed in [BCP14,
LM14] and further developed in [CG16b, CG16a, WY 16]. Such a theory asks the question
what can be achieved and at what resource cost when the devices that are available to us are
essentially classical, that is, they cannot create coherence in a preferred basis. This analysis,
currently still under development, attempts to provide a complete and rigorous framework to
describe quantum coherence, in analogy with what has been done for quantum entanglement
and other non-classical resources.

Within such a framework, recent progress has witnessed a growing number of applications
certified to rely on various incarnations of quantum coherence as a primary ingredient. For
example, the role of coherence in quantum algorithms was discussed in [Hil16], with partic-
ular focus on the Deutsch-Jozsa algorithm [DJ92]. This quantum algorithm decides whether
a boolean function is constant or balanced by just one evaluation of the function, while in
the classical case the number of evaluations grows exponentially in the number of input bits.
As shown in [Hill16], quantum coherence is a resource in such protocol in the sense that a
smaller amount of coherence in the protocol decreases the error of guessing whether the eval-
uated function was constant or balanced. Other applications of quantum coherence could
be found in quantum key distribution [CML16], quantum state merging [SCR ™ 16], state re-
distribution [AJS18], channel simulation [DFW " 18], thermodynamics [LLJR15] and quantum
metrology [FD11].

Quantum entanglement

When an overall quantum system is made of parts, the superposition principle leads inevitably
to the correlations called entanglement. Quantum entanglement is a striking phenomenon
which occurs when pairs or groups of particles are generated or interact in ways such that
the quantum state of each particle cannot be described independently of the state of the others,
even when the particles are separated by a large distance — instead, a quantum state must be
described for the system as a whole. Such phenomenon was the main subject of a paper by
Einstein, Podolsky, and Rosen in 1935 [EPR35], and two papers by Schrodinger shortly there-
after [Sch35, Sch36], describing what came to be known as the EPR paradox. Einstein and
others considered such behavior (also referred as “spooky action at a distance”) to be impos-

sible, as it violated the local realist view of causality and argued that the accepted formulation



of quantum mechanics must therefore be incomplete. Later, however, the counterintuitive pre-
dictions of quantum mechanics were verified experimentally (e.g. the latest one [RBG™17]) in
tests where the polarization or spin of entangled particles were measured at separate locations,
statistically violating Bell’s inequality [Bel64], demonstrating that the classical conception of
“local realism” cannot be correct.

It turns out that quantum entanglement is not only subject of philosophical debates but
a new quantum resource useful in practice. One particular interesting example is given by
the so-called quantum teleportation protocol [BBC93]. With the help of classical commu-
nication and shared quantum entanglement, this protocol provides us a way of transporting a
qubit from one location to another without having to move the physical particle along with
it. Quantum teleportation was first realized in single photons [BPM97], later being demon-
strated in various material systems such as atoms, ions, electrons and superconducting circuits.
Other applications of quantum entanglement in quantum information processing tasks include
the efficient transmission of information via quantum dense coding [BW92, MWKZ96], the
secure data transmission through entanglement-based quantum cryptography [Eke91], as well
as both device-independent randomness generation [Col09, PAM ™ 10] or amplification [CR12,
GMDLT" 13, BRG'16], quantum metrology [EdAMFD11, GLM11] and the efficient solution
of the factorization problem [Sho94]. All these protocols necessarily rely on entanglement

resources, especially on the maximally entangled states.

Quantum channels

Any device, regardless of its physical implementation, taking states of classical or quantum
systems of a certain type to other (possibly different) state of classical or quantum systems
is a channel. Mathematically speaking, it is a formalism used to describe a broad class of
transformations that a physical system can undergo. This definition contains any processing
step in information theory, from preparations to free and controlled time evolution, as well as
measurements. Channels are thus among the central concepts of both classical and quantum
information science. Classical channels are those that can transmit or store only classical
information, like electrical wires or the field-effect transistors while quantum channels can
transmit both classical and quantum information. Physical realizations of quantum channels
include everything from optical fibers or coupled spin chains for quantum communication, to
charged atoms in ion traps for quantum storage.

As for communication, a quantum channel can be used in different ways: it can transmit
classical information, private classical information, or quantum information. It can be used

alone, with shared entanglement, or together with other channels. For each of these settings
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there is a capacity that quantifies a channel’s fundamental potential for communication. From
a theoretical viewpoint, computing these various capacities becomes one of the central topics
for quantum Shannon theory — a subfield of quantum information theory. However, from a
practical point of view, it becomes essential to figure out how to implement a quantum channel
as well as how much cost it takes for such implementation. This will correspond to another

main topic called channel simulation [Sha48, BSST02].

1.2 Quantum resource theory

Quantum resource theory can be regarded as a theory of interconversions among different re-
sources which can be classified as quantum or classical, noisy or noiseless, static or dynamic,
and therefore enable the diversity of quantum information processing tasks. There are three
elementary ingredients for the structure of any resource theory: resources (e.g. entanglement),
free | useless resources (e.g. separable states) and restricted set of free operations (e.g. local
operations and classical communication). To admit a compatible framework, these components
are not independent of each other. It is required that we cannot generate resources from free
resources via free operations.

Quantum resource theory provides a rather general framework to study various quantum in-
formation processing tasks. Indeed, much of quantum information theory is simply a theory of
the interconversion between different resources [DW04, DHWOS]. For instance, quantum tele-
portation is essentially a process of converting maximally entangled states to quantum noiseless
channels, while the study of quantum (classical) capacity is, in fact, discussing the optimal rate
of converting a given quantum channel to quantum (classical) noiseless channels. As shown
in Figure 1.1 we summarize part of such resource trading processes discussed in this thesis.
The maximal resource indicated in yellow is a particular resource that can be transformed to
any others via free operations, playing the role of “currency” during the process of resource
trading.

Depending on our tasks, there are usually two directions of concern. The process that
transforms any given resource to a maximal resource is called distillation or concentration
process, analogous to selling our resource to gain some “currency”’. Typical examples are
entanglement distillation and coherence distillation. The distillation process can help us better
utilize our resources for other purposes. On the other hand, the process of converting the
maximal resource to the others are called dilution or simulation, such as entanglement dilution
and coherence dilution. This is similar to spend our “currency” to purchase other resources. It
provides us a different perspective to characterize the worth of a given resource. Notably, these

two processes are not reversible in general, making the reversibility problem one of the main



topics in resource theory [BG15].
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Figure 1.1 : Resources trading framework discussed in this thesis. “ebits” stands for the maxi-
mally entangled state while “cobit” stands for the maximally coherent state.

Quantum information is the study of the achievable limits to information processing possi-
ble within quantum mechanics. One important assumption regarding the information resource
is that it is independent and identically distributed (i.i.d.). For example, we always suppose to
have n copies of exactly the same quantum states which are not correlated with each other. Or
we can use the same quantum channel n times while the channel itself has no quantum mem-
ory to store any information. Under such assumption, the conventional approach is to study the
asymptotic limit of the rate that one resource can be transformed to another via free operations.
However, from a practical point of view, the number of i.i.d. prepared resources is necessarily
limited, and it remains a great challenge to physicists and engineers to develop techniques for
performing large-scale quantum information processing in the near future. Thus it is important

to characterize the interconversion process with finite resources, especially through small-sized

or one-shot analysis.
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1.3. THESIS ORGANIZATION

In the spirit of resource theory, one can usually quantify the worth of a resource by the min-
imum “distance” to a set of well-defined useless resources with the proper distance measure.
Such characterization is compatible with our intuition that the closer the given resource to the
useless class, the less resource it contains. We summarize a few of such characterizations in
Table 1.1, including the distillable entanglement under positive partial transpose preserving op-
erations, distillable coherence under maximally incoherent operations and dephasing-covariant
incoherent operations, coherence simulation cost under maximally incoherent operations and
quantum simulation cost under non-signalling correlations. Particularly we find that the dis-
tance measure for the distillation and simulation process naturally corresponds to the quantum

hypothesis testing relative entropy D7, and the max-relative entropy Dy, .., respectively.

Quantifier Useless resource Distance measure  Reference
E](DI)F’,;T Hermitian operators G s.t. ||GT2]|; < 1 D3, Section 3.2
C(Ell\)/[’ (eD)Io Diagonal Hermitian operators with unit trace D% Section 4.2
Séll\)/[’fo Maximally incoherent operations D: . Section 5.2
51(\1152 R Constant channels Ds .« Section 5.3

Table 1.1 : Distance characterizations of resource theory discussed in this thesis. We can refer
to Appendix A for a more complete summary of such formalism

1.3 Thesis organization

This thesis studies several information processing tasks with finite resource in details, including
entanglement distillation, coherence distillation and quantum channel simulation. The remain-

der of this thesis is organized as follows.

Chapter 2 Preliminaries

Before we proceed to investigate these tasks, we introduce some commonly used tools and
mathematical foundations in this chapter. We first review the basic components of quantum
mechanics, including quantum states, quantum measurement and quantum operations. Then
we give an overview of various quantum entropies and their basic properties. Finally we intro-
duce the tool of semidefinite programming, its duality proof technique and a list of important

semidefinite programs for later use.



Chapter 3 Entanglement distillation

Entanglement distillation, an essential quantum information processing task, refers to the con-
version from multiple copies of noisy entangled states to a smaller number of highly entangled
states. In this chapter we study the non-asymptotic fundamental limits for entanglement distil-
lation. We investigate the optimal tradeoff between the distillation rate, the number of prepared
states, and the error tolerance. First, we establish a precise connection between two differ-
ent tasks in quantum information theory, i.e., entanglement distillation (under positive partial
transpose preserving operations) and quantum hypothesis testing. Second, we provide effi-
ciently computable estimations of the distillation rate for general quantum states, in both small
and large-scale scenarios. In particular, we provide explicit as well as approximate evaluations
for various quantum states of practical interest, including pure states, mixture of Bell states,
maximally correlated states and isotropic states. These estimations can be used to benchmark

the distillable entanglement for experimentalists.

Chapter 4 Coherence distillation

Coherence distillation is the task of converting general quantum states into maximally coher-
ent states under a class of free operations. In this chapter we study coherence distillation in
both deterministic and probabilistic scenarios. We investigate coherence distillation under two
classes of free operations, highlighting differences in their capabilities and establishing their
fundamental limitations in state transformations.

In section 4.2 we study the deterministic setting. We show that the one-shot distillable
coherence under maximally incoherent operations (MIO) and dephasing-covariant incoherent
operations (DIO) is efficiently computable with a semidefinite program, which then proved to
relate with a quantum hypothesis testing problem. Notably, we find that MIO and DIO have
the exactly same power in the task of one-shot coherence distillation.

In section 4.3 we develop a general framework of probabilistic distillation of quantum co-
herence, characterizing the maximal probability of success in the operational task of extracting
maximally coherent states in a one-shot setting. We first provide a geometric interpretation
for the maximal success probability. In a stark contrast with the deterministic case, we find
that MIO can be much more powerful than DIO in general. We prove a fundamental no-go
result that distilling perfect coherence from any full-rank state is impossible even probabilis-
tically. We then present a phenomenon which prohibits any tradeoff between the maximal
success probability and the distillation fidelity beyond a certain threshold. Finally, we con-
sider probabilistic distillation assisted by a catalyst and demonstrate, with specific examples,

its superiority to the deterministic case.



1.3. THESIS ORGANIZATION

Chapter 5 Quantum channel simulation

As a fundamental problem in quantum information theory, quantum channel simulation con-
siders simulating a given quantum channel via other quantum resources. In this chapter, we
study the problem of channel simulation via quantum coherence or another quantum channel.

In section 5.2 we study the framework of quantum channel simulation via quantum co-
herence, discussing the simulation under maximally incoherent operations in details. First we
show that the minimum error of coherence simulation and the one-shot coherence simulation
cost can be both efficiently calculated via semidefinite programs. Second, we prove that the
one-shot zero-error coherence simulation cost is additive and it is exactly equal to the maximal
coherence generated from the channel, i.e., the cohering power of the channel. Finally, we
introduce a channel version of max-relative entropy, building a distance characterization of the
one-shot coherence simulation cost.

In section 5.3, we study the general framework of quantum channel simulation via an-
other quantum channel. First, we show that the minimum error of simulation and the one-
shot quantum simulation cost under non-signalling assisted codes are efficiently computable
via semidefinite programming. Second, we introduce the channel’s smooth max-information,
which can be seen as a one-shot generalization of the mutual information of a quantum chan-
nel. We provide an exact operational interpretation of the channel’s smooth max-information
as the one-shot quantum simulation cost. We further introduce the channel’s log-robustness
and elaborate its relation with the channel’s max-information. Third, we derive the asymptotic
equipartition property (AEP) of the channel’s smooth max-information, i.e., it converges to
the quantum mutual information of the channel in the independent and identically distributed
asymptotic limit. This implies the quantum reverse Shannon theorem (QRST) in the presence
of non-signalling correlations. As applications, we explore finite blocklength simulation cost

of fundamental quantum channels and provide both numerical and analytical solutions.
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Chapter 2

Preliminaries

2.1 Basics of quantum mechanics

In this thesis we will focus on finite-dimensional Hilbert space and frequently use symbols
such as H 4 (or Has) and Hp (or Hp) to denote Hilbert spaces associated with Alice and
Bob, respectively. Let |A| or d4 denote the dimension of H 4. Let £ (A, B) denote the set of
linear operators from H 4 to Hp and £ (A) := L (A, A). Let Herm (A) denote the set of all
Hermitian operators on H 4. Let P (A) denote the subset of positive semidefinite operators.
We write X > 0if X € P (A). The identity operator on Hilbert space H 4 is denoted as
14 = Zf;‘g Y1i4)(ia|. The identity map on £ (A) is denoted as id 4. For a linear operator
X, we define | X| = VXTX where X1 is the Hermitian conjugate of X. The trace norm
|X |1 = Tr|X]| is the sum of all singular values of X . The operator norm || X || is defined as
the maximum eigenvalue of | X|.

A full list of basic notations can be found in the part of Abbreviations and Notations. For
more detailed introduction of quantum mechanics and quantum information theory, we can
refer to the books [NC11, Wat17, Will7].

2.1.1 Quantum states

A quantum state or density operator is a positive semidefinite operator with unit trace, usually
denoted as pa with subscript A indicating its corresponding Hilbert space. A subnormalized
quantum states is a positive semidefinite operator with trace no greater than one. The set of
quantum states and the set of subnormalized quantum states on Hilbert space 7 4 are respec-

tively defined by

S_(A):={p>0| Trp=1}, 2.1)
S<(A):={p>0]0<Trp<1}. (2.2)



We call a quantum state pure if it has rank one. Otherwise, it is called mixed state. Pure
states represent situations of minimal ignorance, in which, in principle, there is nothing more
to be known about the system. Pure states are fundamental in that the quantum mechanics
of a closed system can be completely described as a unitary evolution of pure states in an
appropriately dimensioned Hilbert space, without the need of further notions.

For any bipartite quantum state p4p, we usually denote py := Trppap and pp =
Tra pap the marginal states of p4p. For any quantum state p4 we can find a pure state ¢ 4 4
such that p4 = Tras ¢4 4. Then we call ¢ 44+ a purification of p,. A canonical purification is

given by !

1/25 1/2
dan = o “®anpy’, (23)
where 44 = Zf;‘o_ YJigia)(jaja is the unnormalized maximally entangled state, {|i4)}
and {|i4/)} are the standard, orthonormal bases on H 4 and H 4/ respectively. According to
Uhlmann’s theorem [Uhl76], any two purifications of the same state are local unitary equiva-
lence. Suppose ¢ 4 4/ and 5 A4¢ are two purifications of p 4, then there exists a unitary U 4/ such

that

Gan =Undan UI;/- 2.4)

Proposition 2.1 (Schmidt decomposition) For any bipartite pure state |pag) € Ha @ Hp
with d = min{d 4, dg}, there exist orthonormal bases {|e;) € Ha} nad {|f;) € Hp} such
that

d—1
) =Y VAjles) @ 1), 2.5)
j=0

with \j > 0 and Z?;é Aj = 1. The coefficients \/\; are called Schmidt coefficients and the

number of non-zero \; is the Schmidt rank of |$).

A bipartite quantum state p4p is called separable (SEP) if it can be written as a convex

combination of tensor product states, i.e.,
paB =Y _pips © P, (2.6)
i

where pYy € S— (A), p'; € S— (B) and p; is a probability distribution. The set of all separable
states shared between A and B is denoted as SEP (A : B).

' In this thesis, we will write only X 4 to indicate X4 ® 1 4» when there is no risk of confusion.
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2.1. BASICS OF QUANTUM MECHANICS

A bipartite quantum state is entangled if it is not separable. One of the most important

entangled states is the maximally entangled state, denoted as

| =

k—1
Oap = Y liaig)(jajsl, @.7)
=0

where k is the dimension of # 4 and H , {|i4)} and {|i) } are the standard, orthonormal bases

on H 4 and ‘H p respectively. We sometimes denote ¢ 45 as Py, to emphasize the dimension.

Proposition 2.2 (Transpose trick) For any operator My € L (A) and maximally entangled
state ® 5, it holds

(Ma®1p)|@ap) = (14 ® ME) [®ap), (2.8)
where M is the transpose of the operator M with respect to the basis {|ig)}.

A positive semidefinite operator X € P (AB) is said to be positive under partial transpose
(PPT) if its partial transpose remains positive. That is, X2 > 0, where Tz means the partial
transpose over system B, i.e., (]z'AjBXkAlBDTB = |ialg)kajgp|. Note that being PPT could
equivalently be defined with respect to partial transposition over system A, and that being PPT
does not depend on the specific basis chosen to take partial transposition (the partial transpose
of a state in a different local basis is local-unitarily related to the one in the standard basis).

The set of all PPT states shared between A and B is denoted as
PPT (A : B) i= {,o €S_(AB) | p™ >0 } 2.9)

With respect to coherence theory, a quantum state is called incoherent if it is diagonal in

the given reference basis. We denote the set of all incoherent state as

I:={peS-(4)|p=2A(p) }, (2.10)

where A (p) 1= Zf;‘o_ Y13)(i| p|d) (3| is the completely dephasing channel (diagonalizing map).

A quantum state is coherent if it is not incoherent. One of the most important coherent states

is the maximally coherent state, denoted as

) (4, 2.11)

where k is the dimension of the quantum system.
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2.1.2 Quantum measurement

As a method to extract information from a quantum system, a quantum measurement is math-
ematically described by a collection of measurement operators { E; } acting on the state space
of the system being measured. The index ¢ refers to the classical measurement outcomes in
the experiment. If the state of the quantum system prior to the measurement is p, then the
probability that result ¢ occurs is given by p; = Tr E; ,oEiT while the post-measurement state
is I pElT /pi. The measurement operators satisfy the completeness equation ), E;r E; =1,
which ensures that the probabilities of the measurement outcomes sum to 1.

Without considering the post-measurement states, a quantum measurement can be defined
in terms of a positive operator-valued measure (POVM). A POVM is given by a set of positive
semidefinite operators { M/; } satisfying the completeness condition ) . M; = 1. The probabil-

ity of measurement outcome ¢ is given by Tr M, p.

2.1.3 Quantum operations

A quantum operation (sometimes called quantum channel) is a mathematical formalism used

to describe a broad class of transformations that a quantum mechanical system can undergo.

Definition 2.3 A linear map & from L (A) to L (B) is called a quantum operation if it satisfies
the completely positive (CP) and trace-preserving (TP) conditions:

e (CP)id;®E(X) >0, forallk > 0,X € P(RA), where idy, is the identity map on the

reference system R with dimension k 2.

e (TP Tr&(Y)=TrY,forallY € P(A).

A relaxation of the TP condition is the trace-nonincreasing (TNI) condition which is given
by TrE(Y) < TrY, forall Y € P (A). A linear map & is called a subnormalized quantum
operation or subchannel * if it is completely positive and trace-nonincreasing.

There are several equivalent representations for a quantum operation, including the Stine-
spring representation, Choi-Kraus representation, and Choi-Jamiotkowski representation. Here

we introduce the last two in details.

The dimension of the reference system in the CP condition can be restricted to k = d 4 [Cho75].

Some authors use the term “quantum operation” to refer specifically to completely positive and trace nonincreasing
maps, and the term “quantum channel” to refer to the subset of those that are trace preserving. Here we explicitly

use the prefix “sub-" to indicate the trace non-increasing condition.
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2.1. BASICS OF QUANTUM MECHANICS

Choi-Kraus representation

A linear map € : L (A) — L (B) is completely positive if and only if there exists a finite set
of linear operators { E; }, E; € L (A, B) such that

E(X)=> EXE!, VXeL(A). (2.12)

Furthermore, it is trace-preserving if and only if ) _, EZT FE; = 14 and it is trace-nonincreasing
if and only if ), EZEZ < 14 [Kra71, Cho75].

The Choi-Kraus representation (2.12) is not unique for a given quantum operation. How-
ever, there is always a representation (2.12) with at most dadp Kraus operators if the map
is completely positive. Different representations can also be related by unitary transforma-
tions [NC11].

Choi-Jamiotkowski isomorphism

The Choi-Jamiotkowski isomorphism maps a given linear operation £ : £ (A’) — L (B) toa

bipartite linear operator [Cho75, Jam72],

Je =Y lia)(jal ® € (|iar) (jar|) € L(AB), (2.13)

]
where {is} and {i4/} are orthonormal bases on the isomorphic Hilbert spaces H 4 and H 4/
respectively. The operator Jg is the so-called Choi-Jamiotkowski operator. On the other hand,
the inverse Choi-Jamiotkowski isomorphism maps any bipartite operator J¢ € L(AB) to a

linear operation by
E(X):=TraJe (Xj®1p), VXaeL(A). (2.14)

Based on the Choi-Jamiotkowski isomorphism, the completely positive, trace-preserving
or trace-nonincreasing conditions for a linear map can be equivalently represented via its cor-

responding Choi-Jamiotkowski operator as follows:
e & is completely positive < Je¢ > 0;
e & istrace-preserving <= Trp Je = 1 4;
e & is trace-nonincreasing <= Trp Je < 1 4.

Note that above conditions on the r.h.s. are all linear conditions with respect to Jg. This pro-
vides the opportunity to study resource transformation under different operations via semidefi-

nite programming.
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A hierarchy of bipartite quantum operations

The class of LOCC operations consists of all bipartite operations that can be realized by local
operations and classical communication. If only one-way classical communication is allowed,
say, classical information can only be sent from Alice to Bob, we call it 1-LOCC. Furthermore,
if no classical communication is allowed, it is called local operation (LO), which admits the

tensor product decomposition

Oapsap =Ean @ Fpopr, (2.15)

where £ and F represents the local operations performed by Alice and Bob respectively.
While the LO, 1-LOCC and LOCC possess clear operational interpretations, they are gener-

ally difficult to optimize over. Related classes that are more tractable are often studied instead.

A bipartite quantum operation Il 45, 4/ is said to be a positive partial transpose preserving

(or separable) operation if its Choi-Jamiotkowski matrix *

Jn=Y_ liajs)(maks| @ (|liajp)(maks]) (2.16)
i,3,m.k

is positive under partial transpose (or separable) with the system partition AA’ : BB’, where
{lia)} and {|jB)} are orthonormal basis on Hilbert spaces A and B, respectively. The set of
all positive partial transpose preserving and separable operations are denoted as PPT and SEP
respectively. Here we use the same notations for quantum states. But it is easy to tell from the

context which one is referred to.
These bipartite operations play an important role in entanglement theory [HHHHO09], and

a well-known fact is that they obey the following strict inclusions [BDF99],
LO C 1-LOCC € LOCC < SEP C PPT. (2.17)

Other two sets of bipartite operations are extensively used in quantum channel coding the-
ory. An operation Il sp_, 4/ is called entanglement-assisted (EA) operation if it can be im-
plemented via local operations with shared quantum entanglement, i.e., there exists a quantum

state ® 4~ i such that for any quantum state p 4p, it holds

apoan (pa) = Eqpr n @ Fppr g (P40 pr @ pag) . (2.18)

where £ and F are quantum operations performed by Alice and Bob respectively. If the shared
entangled state is trivial (dimension one), then the entanglement-assisted operation reduce to a

local operation.

4 We will use the label A more than once, when there is no risk of confusion.
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2.1. BASICS OF QUANTUM MECHANICS

A bipartite quantum operation Il o5 _, 4rp/ is A to B non-signalling (A /4 B) if A cannot
send classical information to B by using II. Mathematically, for any quantum states p4,04 €
S—(A)and g € S— (B),wehave Tr g/ llag arp (pa®@78) = Tra Uap s ap (04 @ 7TB).
Or equivalently it can be characterized by its Choi-Jamiotkowski operator [LM15a, DW16],

1
Tr o Ji = d—A®TrAA, Jir. (2.19)
A

Similarly, 11 is said to be B to A non-signalling (B /4 A) if for any quantum states pp,op €
S— (B) and 74 € S— (A), wehave Trg Il s ar g (TA X pB) =Trp Ilgp_arp (TA &® (IB) .

It can be equivalently characterized by its Choi-Jamiotkowski operator
1p
TI"B/ Jn = df ® Trpp Ji. (2.20)
B

Furthermore, [14p . 4/p is a non-signalling operation if it is non-signalling from A to B
and vice versa. The class of non-signalling operations is strictly larger than the class of all
entanglement-assisted operations [LM15b]. We summarize the relation of bipartite operations

in the following Figure 2.1.

Figure 2.1 : A hierarchy of bipartite quantum operations.

A hierarchy of incoherent quantum operations

A peculiar aspect of the resource theory of coherence is that, although the set of free resource
states is defined unambiguously asZ = {p > 0| A (p) = p }, there is no unique physically-
motivated choice of allowed free operations.

The maximally incoherent operations (MIO) (also known as incoherence preserving op-
erations) are defined as any quantum operation £ such that £ (Z) C Z [Abe06]. This is the
largest class of free operations compatible with coherence theory.

A smaller and more relevant class of free operations is called incoherent operations (10)

which are characterized as the set of quantum operations admitting a set of Kraus operators
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{E;} such that for any F; [BCP14],

EipE!

P €Z, Vpel. (2.21)
Tr EipE;

These Kraus operators F; are then called incoherent Kraus operators. The definition of 10
makes sure that in any of the possible outcomes of an IO operation, coherence can never be
generated from an incoherent input state, not even probabilistically.

We can be more stringent by adding further desirable properties to the set of free operations.
An operation & is called strictly incoherent (S10) if it can be written in terms of a set of
incoherent Kraus operators { F; } such that EJ are also incoherent [WY 16]. Or equivalently, an
operation & is SIO if and only if it has a set of Kraus operators { F;} such that the operation
Eiip— EZ-pEZ.T commute with the completely dephasing channel A, i.e., [;, A] = 0.

The sets MIO, 10 and SIO in general do not have a free dilation, i.e., they cannot be
implemented by coupling the system to an environment in an incoherent state followed by a
global incoherent unitary. Motivated by this observation, Chitambar and Gour introduced the
set of physical incoherent operations (P10) [CG16a, CG16b]. These are all operations which
can instead be implemented in the aforementioned way, additionally allowing for incoherent
measurements on the environment and classical postprocessing of the measurement outcomes.

Another interesting set is given by the dephasing-covariant incoherent operations (DIO),
which were introduced independently by Chitambar and Gour [CG16a, CG16b] and Marvian
and Spekkens [MS16]. These are all quantum operations £ which commute with the com-
pletely dephasing channel, i.e., £ (A (p)) = A (€ (p)) for any quantum state p. Or it can be

equivalently characterized by
E(iVil) €T, Vi and A(E() =0, Vi#j. (222)

Similar to the sets of bipartite operations, there are two strict inclusions for incoherent
operations [CG16a, CG16b, dVS17]: PIO C SIO € 10 € MIO and PIO C SIO € DIO C
MIO. We summarize these relations in Figure 2.2. In the following chapters we will focus
more on MIO and DIO.
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2.1. BASICS OF QUANTUM MECHANICS

Figure 2.2 : A hierarchy of incoherent quantum operations.

2.1.4 Distance measures
Distance measure between quantum states

There are two most commonly used measures of distance between quantum states, trace dis-
tance and fidelity. Both of them can be generalized to subnormalized quantum states as fol-
lows [Tom16].

Definition 2.4 The generalized trace distance between two subnormalized quantum states p

and o is defined as
1 1
D (p,o) ::§|],0—J||1+§|Trp—Tra|. (2.23)

The trace distance has a physical interpretation as the distinguishing advantage between the
two states. That is, the maximal probability of correctly distinguishing between two uniformly

distributed quantum states p and o is given by 3 (1 + D (p, o).

Definition 2.5 The generalized fidelity between two subnormalized quantum states p and o is
defined as

F(p,0) = |p"?c"?|1 + /(1 = Trp) (1 - Tro). (2.24)

Proposition 2.6 (Uhlmann’s theorem [Uhl76]) For any two subnormalized quantum states p

and o, let | @) be a purification of p, then there exists a purification |0) of o such that
F(p,o)=F(p,0). (2.25)
Based on the generalized fidelity, we can define the purified distance.

Definition 2.7 The purified distance between two subnormalized quantum states p and o is
defined as

P(p,o):=+/1—FZ%(p,0). (2.26)
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The purified distance has simple upper and lower bounds in terms of the generalized trace

distance.

Proposition 2.8 For any two subnormalized quantum states p and o, it holds [Tom16]

D (p,0) < P(p,0) < /2D (p,0). (2.27)

Distance measure between quantum channels

We use a norm on the set of quantum channels which measures the bias in distinguishing
two such channels. The norm is known as the diamond norm in quantum information the-
ory [Kit97]. Here, we present it in a formulation which highlights that it is dual to the well-
known completely bounded (cb) norm [Pau02].

Definition 2.9 For any linear map € : L (A) — L (B), its diamond norm is defined as
1€][¢ := sup [[idg ® &]J1, (2.28)
keN
where idy, is the identity map with dimension k and || F ||y = sup,, | F (0) |1 withoa € S< (A).

The supremum in (2.28) is obtained by £k = d4 [Kit97, Pau02]. Based on the diamond
norm, the distance between two quantum channels & and &> is usually defined as %||51 —
&2ll¢. Then the minimum error probability to distinguish these two channels is given by
L (1= L& — &) (BSI0L

Since the definition of channel distance involves the optimization over all input states, the

following technique can help to fix the input state when considering channels with symmetry.

Proposition 2.10 (Post-selection technique [CKRO09]) Let € > 0 and £} and F; be CPTP
maps from L (A®") to L (B). If there exists a CPTP map K for any permutation m such that
(Eh —FR)om = Kro(EY —FR), then ||E} — Fi|lo < € whenever

(€% — F3) @ idpr (W) | < & (n+1)~(14P1) (2.29)

where W' is a purification of the de Finetti state W = fa%%d (0AR) With oo =
lo)(o]lar € S=(AR), Ha = Hp and d (-) is the measure on the normalized pure states on
H ARH g induced by the Haar measure on the unitary group acting on H 4 @H g, normalized to

[ d(-) = 1. Furthermore we can assume without loss of generality that |R'| < (n + 1)|A|2_1.

The de Finetti state can be written as convex combinations of finite number of i.i.d states.
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2.2. QUANTUM ENTROPIES

Lemma 2.11 ([BCR11]) Letw"p = [ afzd (o AR) as in Proposition 2.10. Then

Wip =Y pi(ohr)", (2.30)

)

with o'y = |0")(c*|ar € S= (AR), i € {1,2, e (n+ 1)2‘A|‘R|_2} and p; a probability

distribution.

2.2 Quantum entropies

Quantum relative entropy and its child entropies

As with many other objects in quantum information theory, quantum entropies are defined by
extending the classical definitions from probability distributions to density matrices. Let p be
a quantum state. The von Neumann entropy of p, which is the quantum mechanical analog of

the Shannon entropy [Sha48], is given by
H (p) := —Trplogp. (2.31)

Definition 2.12 For any two quantum states p and o, if supp (p) C supp (o), the quantum
relative entropy of p with respect to o is defined by

D (p|lo) :==Trp(logp —logo). (2.32)
Otherwise we define D (pl||o) = +oc.

Note that the quantum relative entropy is not symmetric, i.e., D (p|lo) = D (o||p) does not
hold in general. The von Neumann entropy can be recovered by H (p) = —D (p||1). The

quantum relative entropy also acts as a parent quantity for other entropies:

Conditional entropy:  H (A|B), := —D (pag||1a ® pgB), (2.33)
Coherent information: I (A4)B), := D (papl|1a ® pB), (2.34)
Mutual information: I (A: B),:= D (pagllpa ® pp) (2.35)

Quantum information variance: V (p||o) := Trp (logp — logo0)* — D (p||lo)?,  (2.36)
Coherent information variance: V' (A4)B), =V (pas|1a ® pp). (2.37)

The conditional entropy is continuous with respect to the input state.

Lemma 2.13 (Alicki-Fannes Inequality [AF04]) For any quantum states pap and o op with
lpa — oaplli <e <1, it holds

|H (A|B), — H (A[B), | < 4elog|A| + 2h2 (&), (2.38)

where hy (g) == —cloge — (1 — ¢)log (1 — €) is the binary entropy.
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The quantum mutual information can be written in multiple ways in terms of the quantum

relative entropy due to the following result.

Proposition 2.14 ([BD10b]) For any quantum state p o, it holds

[A4:B),= mmn, D = min D L 239
(4:B), = min Dlpaslpa®os) M%nggg (paslloa @ op) (2.39)
OBEOS=

Min- and Max-relative entropy and their child entropies

Definition 2.15 ((DKF114]) The min-relative entropy of a subnormalized quantum state p
with respect to o > 0 is defined as

Duin (pllo) := —log [|p/?" /2|2, (2.40)

Definition 2.16 ([Dat09b, Ren05]) The max-relative entropy of a subnormalized quantum state
p with respect to o > 0 is defined as

Diax (p||o) ::inf{t20|p§2t.g}’ (2.41)
if supp (p) C supp (o). Otherwise, Diax (plo) = 4.

Note that Eq. (2.41) can be equivalently given by Dy (pl|o) = log ||o~=/2po /2| .

The conditional min- and max-entropy are defined as

Hiin (A|B)p = CfBénSi<n(B) Dinax (PABH]IA ® UB) s (2.42)
Hiax (A|B)p = — B glsin(B) Din (pap||la®op). (2.43)
BES<

The above entropies can be extended to corresponding smoothed version, i.e., optimizations
of the underlying entropies over a ball of states close to the states under consideration. This
closeness is commonly measured in terms of the purified distance. Specifically, we say p is
e-close to p, denoted as p ~¢ p, if P (p, p) < e. The smoothed (conditional) min-/max-relative

entropy are respectively defined as follows:

Diyin (pllo) = maX Dinin (pllo) . Hpin (A|B), := max Hyin (A[B); (2.44)
Diyax (pllo) := min Dyax (pllo) ,  Hpax (A|B), = min Hyax (A[B);. (2.45)
pREp pPREp

It is known that the minimization of max-relative entropy is closely related to another

resource measure, log robustness LRy (p) :=log (1 + R, (p)) where

R, (p) := min {t >0 ’ % €Guwes (A)} (2.46)
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2.2. QUANTUM ENTROPIES

and G is a given set of (useless) operators. As the name suggests, log robustness quantifies
the minimal mixing required to make the resource useless. A geometric interpretation of the

robustness R, (p) can be illustrated in Figure 2.3.

Figure 2.3 : Geometric interpretation of the robustness defined in Eq. (2.46).

Proposition 2.17 ([Dat09a]) For any quantum state p and a set of operators G, it holds
LRy (p) = min Dpax (pllo) . (2.47)
oeg

The max-relative entropy is usually related with the cost of a resource. In chapter 5 we will
generalize the max-relative entropy as well as the log robustness to quantum channels and

provide their nature operational interpretations with respect to the channel simulation cost.

Sandwiched Rényi relative entropy

There are several quantum generalizations of the family of Rényi entropy that contain the
quantum relative entropy, min- and max-relative entropies as special cases [MLDS ™13, AD15].

Here we introduce the Sandwiched version.

Definition 2.18 Let p and o be two subnormalized quantum states. For any o € (0,1) U

(1, 00), the order-a sandwiched Rényi relative entropy is defined as

~ 1 — —
Da (pllo) i= —— log v (<012T,0012a )&) (2.48)

if supp (p) C supp (o) and it is equal to +o0o otherwise.

min D D max
— L a o >
0 12 1 0

Figure 2.4 : Relations between the sandwiched Rényi relative entropies.
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The Sandwiched Rényi relative entropy is monotonically increasing with respect to «, i.e.,
Dy (pllo) > 135 (pllo) if > /3. We also have the following reduction [MLDS " 13]:

D (pllo) = lim Dy (pllo) = lim Do (pllo), (2.49)
Dunin (pllo) = D12 (plo) (2.50)
Duax (pllo) = lim Da (p]lo). 2.51)

Max-information

Note that Proposition 2.14 for quantum mutual information does not hold in general for other
entropy measures. In fact, if we replace the quantum relative entropy with the max-relative
entropy, the values of the expressions in Proposition 2.14 can lie arbitrarily far apart. Thus we

have several definitions for max-information as follows.

Definition 2.19 ([CBR14]) For any quantum state p o, its max-informations that B has about
A are defined as

Mnax (A : B), = Dmax (paBllpa ® pB) , (2.52)

QImax (A : B)p = gBénSi:n(B) Diax (PAB”PA ® UB) , (2.53)

3Imax (A : B)p = O'Ag}sif(A) Dnax (pABHUA & UB) . (2.54)
opeS_(B)

The corresponding smoothed versions are defined by

i7E
IHI ax

(A:B),:= min “Iyax (A : B)

n fori € {1,2,3}. (2.55)
pREp

]
Unlike the non-smoothed cases, the smoothed max-information are equivalent up to logarith-

mic terms in the smoothing parameters.

Proposition 2.20 ((CBR14]) For any quantum state pag and € > 0, &' > 0, it holds

SIS (A:B), <PIEH (A:B), <*I5, (A B),+ f (e.€), and (2.56)
IV (A B), < MIERVEY (A B), < PTG, (A B),+g(e), 2.57)

where

AN 1 1 L 2(1—¢)+3
f(a,s).log<l_m+1_6,),g(a).log<<1_€)(1_m)>.(2.58)

There are some basic properties of the max-information that will be used later.
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2.2. QUANTUM ENTROPIES

Lemma 2.21 ((BCR11]) Lete > 0 and pap = Y ;c; pip'sp with p'yp € S< (AB)Vie I, p;
a probability distribution. Then

2re (A:B)pgmaIXQF (A:B), +1log|l|. (2.59)
1€

max max

Lemma 2.22 ((BCR11]) Let = > 0 and papc € S— (ABC). Then

I (A BC), <°I;

max max

(A:B),+2-log|C]. (2.60)

Quantum hypothesis testing

Quantum hypothesis testing is the task of distinguishing two possible states of a system, pg
and p;. We study two hypotheses, the null hypothesis Hy: the state is pp; the alternative
hypothesis Hj: the state is p;. Then we can perform a measurement presented by the POVM
{M, 1 — M} with corresponding classical outcome 0 and 1. If the outcome is 0, we accept the
null hypothesis. Otherwise, we accept the alternative one. Analog to the classical case, there
are two kinds of errors in this test as shown in Figure 2.5. It is called Type-I error if the original
state is po but the measurement outcome is 1. It is called Type-II error if the original state is
p1 but the measurement outcome is 0. The probabilities of type-I and type-II error are given
by Tr (1 — M) po and Tr M p;, respectively. Hypothesis testing relative entropy considers

minimizing the type-II error while keeping type-I error within a given error tolerance.

Definition 2.23 For any two quantum states > po and p, the quantum hypothesis testing rela-

tive entropy is defined as

Di (pollp1) := —1log Be (pollp1),  where (2.61)
Bz (pollp1) :==min{ Tt Mp; |0 < M <1,1—-TrMpy <¢}. (2.62)

Quantum hypothesis testing is an important task with many applications in quantum informa-

tion theory [Hay17], and it will reduce to the classical case if pg and p; commute.

Type-I error Type-II error

Figure 2.5 : The task of quantum hypothesis testing.

5 We can generalize the definition to any Hermitian operators. It is still well-defined in the sense of a convex opti-

mization problem.
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Asymptotic equipartition property (AEP) and second-order asymptotics

Quantum relative entropy can be recovered in the independent and identically distributed (i.i.d.)

asymptotic limit of the smoothed entropies [HP91, ONOO, DMHB13, DatO9b]: for any € €
(0, 1),

Jim =Diy (p%"(|0%") = D (pllo), (2.63)
: 1 £ Xn XN\ __

Jim =D (07" 0°7) = D (pllo), (2.64)
: 1 n mn

Jim =Dl (07" l0%") = D (pllo).- (2.65)

The conditional entropy of a bipartite state can be recovered via the smoothed conditional

min-/max-entropy in the i.i.d. asymptotic limit [TCR09, Tom12], for any ¢ € (0, 1),

1
lim —H:

n—oo n max (An : Bn)p@" = H (A|B)p7 (266)
lim —Hy, (A" B") 00 = H (A[B),. (2.67)

The quantum mutual information of a bipartite state can be recovered by its smoothed max-

information in the i.i.d. asymptotic limit [BCR11],

lim lim ! [ilﬁlax (A: B)p®n} =I1(A:B),, forie{l,2,3}. (2.68)

e—»0n—oon

The r.h.s. of above limits are called the first-order asymptotics. A more accurate estimation

can be done via the second-order expansion [TH13, Lil4]:

Dy (p®"|0®™) = nD (p|lo) + /nV (pl|lo) @ () + O (logn), (2.69)
min (07"10%7) = nD (pllo) + v/nV (pllo) 7 (e) + O (logn) , (2.70)
Dia (0°"(|0®™) = nD (pllo) — /nV (pllo) @' (%) + O (logn) , (2.71)

where ®~! is the inverse function of cumulative distribution of a standard normal random
variable. The second-order term is given by the quantum information variance V (p||o).
Note that recent progress can show a more general result of the asymptotic limits for con-

ditional min/max-entropy beyond the i.i.d. setting [DFR16].

2.3 Semidefinite programming

2.3.1 Basics of semidefinite programming

Semidefinite programming (SDP) is a subfield of convex optimization concerned with the opti-

mization of a linear objective function (a user-specified function that the user wants to minimize
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2.3. SEMIDEFINITE PROGRAMMING

or maximize) over the intersection of the cone of positive semidefinite matrices with an affine
space. Semidefinite programming unifies several standard problems (e.g., linear and quadratic
programming) and finds applications in various fields. Although semidefinite programs are
much more general than linear programs, they are just as easy to solve. Most interior-point
methods for linear programming have been generalized to semidefinite programs. As in linear
programming, these methods have polynomial worst-case complexity, and perform very well in
practice. Please refer to a review paper [VB96] for the theory and applications of semidefinite
programs and an introduction to primal-dual interior-point methods for their solution.

In this subsection we introduce some basics of semidefinite programming and we refer to

John Watrous’ lecture note [Wat11] and book [Wat17] for more details.

Definition 2.24 A semidefinite program is a triple (€,C, D), where C € Herm (A), D €
Herm (B) and € : L(A) — L (B) is a Hermiticity-preserving linear map, i.e., it maps any

Hermitian operators to Hermitian operators.

Associated with the triple (£, C, D), there are two optimization problems as follows:

Primal problem Dual problem
maximize: Tr CX (2.72a) minimize: Tr DY (2.73a)
subject to: £ (X) =D, (2.72b) subjectto: £*(Y) > C, (2.73b)
X >0. (2.72¢) Y € Herm (B).  (2.73c)

where £* is the dual map by Tr £* (Y)-X = TrY-€ (X)) forany X, Y. Note that in practice the
optimization may not be explicitly written as the standard form above. We may also write the
primal problem as minimization and the dual problem as maximization. The steps of obtaining
the dual problem are usually omitted for simplicity.

Any operator X satisfying £ (X) = D, X > 0is called primal feasible while any operator
Y satisfying £ (Y) > C,Y € Herm (B) is called dual feasible. Furthermore, a primal
problem is strictly feasible if there is a primal feasible solution such that X > 0. A dual
problem is called strictly feasible if there is a dual feasible solution such that £* (Y') > C.
Denote « and f3 as the optimal value of the primal and dual problem respectively. Let & = —co
and 3 = 400 when there exist no feasible solutions. A feasible solution achieving the optimal
value is then called optimal solution.

Semidefinite programs have associated with them a notion of duality, which refers to the
special relationship between the primal and dual problems. The property of weak duality,
which holds for all semidefinite programs, is that the primal optimum can never exceed the

dual optimum.
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Proposition 2.25 (Weak duality) For every semidefinite program (€, C, D), it holds o < 5.
Proof For every primal and dual feasible solution X and Y, we have
TrCX <Tr&* (V)X =TrYE(X) =Tr DY. (2.74)

Optimizing overall all feasible solutions, we have o < 3. |

The condition that & = [ is called strong duality, which does not hold in general. How-
ever, it does typically hold for semidefinite programs that arise in practice. There are various
conditions allowing for verification of strong duality. The following proposition provides one

set of conditions under which strong duality is guaranteed.

Proposition 2.26 (Slater’s theorem) For any semidefinite program, the strong duality holds if

one of the following conditions satisfied:
o the primal problem is feasible and the dual problem is strictly feasible;

e the dual problem is feasible and the primal problem is strictly feasible.

2.3.2 SDP duality proof techniques

In the following chapters, we will frequently need to prove the optimal value of an SDP or
show the equivalence of two SDPs. These proofs can be sketched as standard processes due to

the SDP duality, as shown in the following two Tables.

e Problem: prove the optimal value of an SDP (£, C, D) is x.
e Steps:

1. Check strong duality holds, thus o = 5.
2. Construct a primal feasible solution X, such that Tr CX = z. This implies o > .
3. Construct a dual feasible solution Y, such that Tr DY = z. This implies 5 < x.

4. Combining above three steps, we have a« = § = z.

Table 2.1 : Steps to prove the optimal value of an SDP.
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2.3. SEMIDEFINITE PROGRAMMING

e Problem: show the optimal value of two SDPs (&, Cy, D1) and (&2, Cs, D) are equal.
e Steps:

1. Check strong duality holds, thus oy = 1 and as = (s.

2. Suppose the primal optimal solution of SDP (&1, C1, D1) is given by X;. Construct
a primal feasible solution Xy (usually based on X;) for (€2, C2, D2) such that
Tr Cy X9 > «1. This implies a; < as.

Or suppose the dual optimal solution of SDP (&, Cy, Do) is given by Y. Con-
struct a dual feasible solution Y7 (ususlly based on Y>) for (€1, C1, D1) such that
Tr D1Y7 < 2. This implies 31 < Ss.

3. Swap the role of (&1, C1, D1) and (&2, Ca, D) and repeat the second step. We can
show that ai; > an or 51 > [o.

4. Combining above three steps, we have o = 31 = ag = (.

Table 2.2 : Steps to prove the optimal values of two SDPs are equal.

2.3.3 A list of frequently used SDPs

The advantages of using semidefinite programming are multifold. First, it can be efficiently
computed © via interior point methods. With the assistance of various toolboxes (e.g. CVX,
YALMIP) as well as solvers (e.g. SDPT3, SeDuMi, Mosek) we can easily perform numerical
experiments and make interesting observations. Second, the SDP duality technique can help
us simplify the proofs and unify them into standard processes as shown above. However,
the difficulty lies in constructing suitable feasible solutions, which on the other hand can be
assisted via numerical observations. Finally, SDP provides us a new perspective to study some
fundamental quantities as we will see in the following chapters.

It is worth mentioning that not all problems can be reformulated via SDPs and that most

SDP reformulations can be rather tricky. In the following, we list some of them that will be

Note that many one-shot quantities, including those will be introduced in this thesis, are characterized via SDPs and
thus claimed to be efficiently computable. There is nothing wrong with such claims. But it is easily being misun-
derstood that those quantities are also efficiently computable for n-shot of resources. Since tensoring exponentially

increases the size of SDP, we cannot guarantee its efficiency for the n-shot case.
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used in the following chapters.

For any Hermitian operator X, its trace norm || X||; is given by [Wat11]

Primal Dual
maximize: Tr M X (2.75a) minimize: Tr X; + X (2.76a)
subjectto: — 1 < M <1, (2.75b) subject to: X = X7 — Xo, (2.76b)
M € Herm (2.75¢) X12>0,X2>0. (2.76¢)

Its infinity norm || X || is given by [Wat11]

Primal Dual
maximize: Tr M X (2.77a) minimize: t (2.78a)
subject to: Tr M <1, (2.77b) subjectto: —t1 < X <1, (2.78b)
M € Herm. (2.77¢) t>0. (2.78¢)

For any quantum states p and o, their fidelity F (p, o) can be given by [Wat11]

Primal Dual

1 1
maximize: 5 Tr (X + XT) (2.79a) minimize: 5 Tr(pY +02) (2.80a)

X

g

Yy -1
subject to: g > 0. (2.79b) subject to: >0. (2.80b)
Xt -1 Z
For any two quantum channels N7, Ns from £ (A) to £ (B), with Choi-Jamiotkowski operators
Jn, and Jy;, respectively, the diamond norm of their difference, i.e., 3|7 — A2l can be
expressed as an SDP of the form [Wat09],

Primal Dual
maximize: Tr (Jy, — Jn,) Wap (2.81la)  minimize: A (2.82a)
subject to: pg > 0, (2.81b) subject to: Trp Yap < Aly, (2.82b)
Trpa =1, (2.81¢) Yap > Iny — In,,  (2.820)
0<Wap <pa®lp (2.81d) Yap > 0. (2.824d)
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2.3. SEMIDEFINITE PROGRAMMING

The max-relative entropy Dy,ax (p||o) can be given by

Primal Dual
log maximize: Tr pX (2.83a) log minimize: ¢ (2.84a)
subject to: Tro X <1, (2.83b) subject to: p < to, (2.84b)
X >0. (2.83¢c) t>0. (2.84¢)

The quantum hypothesis testing relative entropy D5, (p||o) can be given by

Primal Dual
—log maximize: Tr X + (1 —¢)x (2.85a) —log minimize: Tr Mo (2.86a)
subjectto: 0 — X —xp > 0, (2.85b) subjectto: 0 < M <1, (2.86b)
X <0,x>0. (2.85¢) TrMp>1—e. (2.86c)

Finally we summarize the semidefinite characterizations of a quantum operation in the

following two tables.

Operation Semidefinite conditions
CP Je >0
TP TrpJe =124
TNI Trp Je <14y
MIO CPATPATraJe (|i)(i| @ 1) € Z, Vi
DIO MIO A A (Tra Je (J3)(jl @ 1p)) =0,Vi# 5

Table 2.3 : Semidefinite conditions for single system quantum operation £4_, .

Operation Semidefinite conditions
CP Je >0
TP Tra,p, Je =14, B,

A4 B Tra, Je =14, /da, @ Tra,a, Je
B A A Trp, Je =1p,/dp, ® Trp, B, Je
NS CPANTPANAABABAA

PPT CPATP A Ji1P2 >

Table 2.4 : Semidefinite conditions for bipartite quantum operation £4, B, — A, B, -
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Chapter 3

Entanglement distillation

Entanglement distillation, an essential quantum information processing task, refers to the con-
version from multiple copies of noisy entangled states to a smaller number of highly entangled
ones. In this chapter, we study the non-asymptotic fundamental limits for entanglement distil-
lation. We investigate the optimal tradeoff between the distillation rate, the number of prepared

states, and the error tolerance.

3.1 Introduction

3.1.1 Background

Quantum entanglement is a striking feature of quantum mechanics and a key ingredient in
many quantum information processing tasks, such as the efficient transmission of information
via quantum dense coding [BW92, MWKZ96] or quantum teleportation [BBC 93], the secu-
rity of transmitted data through entanglement-based quantum cryptography [Eke91], including
the recent development of device-independent quantum cryptography [ABG07], as well as
both device-independent randomness generation [Col09, PAM™10] or amplification [CR12,
GMDLT" 13, BRG'16], quantum metrology [EdAMFD11, GLM11] and the efficient solution
of the factorization problem [Sho94]. All these protocols necessarily rely on entanglement re-
sources, especially the maximally entangled states. It is thus of great importance to study the
transformation of less entangled states into more suitable ones such as maximally entangled
states. This procedure is known as entanglement distillation.

In general, the task of entanglement distillation allows two parties (Alice and Bob) to
perform local operations and classical communication (LOCC). The distillable entanglement
characterizes the rate at which one can asymptotically obtain maximally entangled states from
a collection of identically and independently distributed (i.i.d) prepared entangled states by
LOCC [BBP'96, Rai99b]. Entanglement distillation from non-i.i.d prepared states has also



been considered recently [WGCE16]. Distillable entanglement is a fundamental entanglement
measure which captures the resource character of entanglement. Up to now, it remains un-
known how to compute distillable entanglement for general quantum states and various ap-
proaches [VP98, Rai99a, VW02, Rai0l, HHH00, CW04, LDS17, WD16a] have been devel-

oped to evaluate this important quantity.

P 3"

....1 ...... .‘ ]
‘ ...... . H . ............ .
‘ ...... ' é . ............ '
‘ ...... . . ............ .
..{ ...... .‘

J X J

Alice Bob Alice Bob

Figure 3.1 : The task of entanglement distillation.

Let €2 represent one of the classes of operation 1-LOCC, LOCC, SEP or PPT. The concise

definition of distillable entanglement by the class of operation €2 is given as follows:

li inf [|II (p55) — orn |1 ) = 1
i (jnf I 55) -~ @2l ) =0}, G

Epq(pap) := sup {'r € Ry

n—oo

where &5, = (1/k) Zf;o |lit)(j7] is the k-dimensional maximally entangled state. Due to the
inclusion relation of the operation classes 1-LOCC C LOCC C SEP C PPT, for any quantum

state pop we have the chain of inequalities

Epi1occ (paB) < Eprocc (paB) < Epsep (paB) < Epper (PAB) - (3.2)

To evaluate distillable entanglement efficiently, one possible way is to find computable
bounds. Two well-known upper bounds of the distillable entanglement under LOCC as well as
PPT operations are given by the relative entropy of entanglement (REE) [VPRK97, VP98] and
the PPT-relative entropy of entanglement [Rai99a],

Ersep (paB) = OGSIEIII}&.B) D (paslloas), (3.3)
Erper (pap) = Uepg%i& 5 D (paslloas) (34)

which express the minimal distinguishability between the given state and all possible separable

states or PPT states. An improved bound is the Rains bound [Rai0O1], which is given by

R(paB) := Lo (D (paBlloas) +log|le™ ||, ) (3.5)
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3.1. INTRODUCTION

Note that Eq. (3.5) is not a convex optimization since the second term (logarithmic negativity)
is not convex [VWO02]. However, the Rains bound can be reformulated [ADVWO02] as a convex
optimization over the Rains set PPT' (4 : B) := {0 € P (AB) | |lo”7||; < 1}, that is,

R = i D . 3.6
(paB) . (paglloan) (3.6)

This provides the opportunity to numerically calculate the Rains bound, as discussed in Ap-
pendix B. Due to the inclusion relations SEP (A : B) C PPT (A : B) C PPT' (A : B), for any

quantum state p4p, it holds

Epprr (paB) < R(paB) < Ecper (paB) < Ersep (paB) - 3.7)

The logarithmic negativity [VWO02, Ple05] is an efficiently computable upper bound on the
PPT-assisted distillable entanglement. The best known SDP upper bound is given by [WD16a]

Ew (pap) = log min {HXZ;%Hl ’XAB > PAB}, (3.8)

which is an improved version of the logarithmic negativity. Other known upper bounds of
distillable entanglement are studied in Refs. [VP98, Rai99a, HHH00, CW04]. Most of these
known upper bounds are difficult to compute [Hual4] and usually easily computable only for
states with high symmetries, such as Werner states, isotropic states, or the family of “iso-
Werner” states [BDSW96, VW01, TV00, Rai99a].

In a realistic setting, the resources are finite and the number of i.i.d. prepared states is
necessarily limited. More importantly, it is hard to perform joint state manipulations over a
very large number of qubits. Therefore, it is important to characterize how many maximally
entangled states can be faithfully distilled from finite copies of prepared states. Since the
asymptotic rates are insufficient to give a precise estimation, it is necessary to consider second-
order characterizations. In particular, for practical use, efficiently computable bounds are more
desirable. In the non-asymptotic setting, one also has to make a tradeoff between the distillation
rate and the error tolerance of state transformation.

The study of such non-asymptotic scenarios has recently garnered great interest in clas-
sical information theory (e.g., [PPV10, Hay09, Tanl4]) as well as in quantum information
theory (e.g., [WR12, RR11, TH13, BCR11, LM15a, DH13, MW 14, BDL16, Tom16, TBR16,
WXDI18, CH17, CTT17]). Here we study the setting of entanglement distillation.

A non-asymptotic analysis of entanglement distillation will help us better exploit the power
of entanglement in a realistic setting. Previously, the one-shot distillable entanglement was
studied in Refs. [BD10a, BD11]. But these bounds are not known to be efficiently computable.

Thus it is difficult to apply them as experimental benchmarks. These one-shot bounds are also
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not suitable to establish second-order estimations. Datta and Leditzky studied the second-order
expansion of distillable entanglement under LOCC operations for pure states [DL15]. Here,
we go beyond their results by considering more general operations and states. The Rains bound
[RaiO1] and the hashing bound [DWO05] are arguably the best general upper and lower bounds
for distillable entanglement, respectively. However, these bounds do not provide sufficiently

precise evaluation about entanglement distillation with finite resources.

3.1.2 Outline

In this chapter, we overcome the limitations of previous results and provide efficiently com-
putable estimation for non-asymptotic distillable entanglement. We first build an exact con-
nection between entanglement distillation under positive-partial-transpose-preserving (PPT)
operations and quantum hypothesis testing. In particular, the one-shot distillable entanglement
under PPT operations can be given by the minimization of hypothesis testing relative entropy
between the given state and some class of operators. Based on this connection, we provide
efficiently computable second-order estimations of the distillable entanglement for given finite
copies of the state and the error tolerance. As applications, we apply our results to study some
states of practical interest, including pure states, mixture of Bell states, maximally correlated

states and isotropic states.

3.2 One-shot entanglement distillation

Since the distillation process cannot always be accomplished perfectly, we use the fidelity
of distillation to characterize the performance of distillation. Then the one-shot distillable
entanglement is defined as the maximal number of Bell state (maximally entangled state with
local dimension equal to two) we can obtain while keeping the infidelity of the distillation

process within a given tolerance.

Definition 3.1 ([Rai01]) For any bipartite quantum state p op, the fidelity of distillation under

the operation class ) is defined as,
Fo(paB, k) = max TrII(pan) Py, (3.9)

where ), = (1/k) ij_:lo lit)(jj| is the k-dimensional maximally entangled state and the

maximization is taken over all possible operation 11 in the class ().

Definition 3.2 For any bipartite quantum state p op, the one-shot e-error distillable entangle-

ment under the operation class ) is defined as
EQ (pap) = log max { keN ’ Fo(pap: k) =2 1—¢ } (3.10)
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3.2. ONE-SHOT ENTANGLEMENT DISTILLATION

Then the (asymptotic) distillable entanglement is given by the regularization:

o1
Epq(pap) = lim lim —ES){’; (p%%) . 3.11)

e—>0n—ocon

Exploiting the symmetry of maximally entangled state and the semidefinite conditions of
PPT operations, we derive the one-shot distillable entanglement under PPT operations as an

SDP which is efficiently computable and suitable for a small scale estimation.

Lemma 3.3 For any bipartite quantum state p op and error tolerance ¢ € (0, 1), it holds

Bl ¥or () =logmax { [1/n] [0 < M <1, Te Mp 21— =, —1 < M™ <1 |.

(3.12)
Proof From the definition of one-shot distillable entanglement, we have
Ej¥or () =logmax { k€ N| Tl (p) 04 2 1 -, PPT}.  (313)

According to the Choi-Jamiotkowski representation of quantum operations, we can represent

the output state of operation Il 45, 4/ via its Choi matrix Jrg as

Uapsap (pag) = Trap (Ju-php @ Lap). (3.14)
Then we have
Trllapoap (pap) @k = Tr (Trap (Ju - php ® Lap)) @y (3.15)
=TrJn - (php @ Lap) (Lap ® Py) (3.16)
=TrJn - (Lap ® k) (php ® Larp) (3.17)
= Tr (Trap Jiu - (1ag @ ®)) phg. (3.18)

Recall the condition that IT is a PPT operation if and only if its Choi-Jamiotkowski matrix

satisfies
Jun>0, Trap Jo=1ag, le;BB/ > 0. (3.19)

Combining Eqgs. (3.13), (3.18), (3.19) we have

EY por (p) = log max k (3.20a)
st.Tr(Trap Ji- (lap ® @) php > 1—¢, (3.20b)
Jin >0, Trap Jiy = Lap, JGEE > 0. (3.20c)

Suppose one optimal solution in optimization (3.20) is given by Ju. Since ®, is invariant

under any local unitary Uy ® Up, i.e., (UA/ ® UB/) 7% (UA/ ® UB/)T = P4, we can verify
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that (UA/ ® UBI) jn (U A ® UB/)T is also optimal. Since any convex combination of optimal

solutions remains optimal, we know that
/dU (U @Tg) Jn (Uy ©Tp) (3.21)

is also optimal, where dU is the Haar measure. According to Schur’s lemma, the result of the
above integral gives an optimal solution admitting the structure of W4pR®r+QAp®@(1 — Py)
with certain linear operators W4p and Q 4. Thus without loss of generality, we can take the

ansatz of the optimal Choi-Jamiotkowski matrix as
Jn=Wap @ P, +Qap® (1 — Pyp). (3.22)

Next we take Eq. (3.22) back to the optimization (3.20) and do some further simplification.
Denote Py and P_ as the symmetric and anti-symmetric projections respectively. From the

spectral decomposition, we have J)ZB' =+ (Py—P_)and

TP =W @@ + QT @ (1 — @)™ (3.23)
1 1
:WTB®E(P+—P,)+QTB®E((k—1)P++(k+1)P,) (3.24)

1 1
= (W' +(k-1)Q™) ® Pt (-w' + (k+1)Q™) ® P (329
Since P} and P_ are positive and orthogonal, we have JgBB’ > 0 if and only if

WTe 4 (k—1)Q™ >0, (3.26)
W + (k+1)Q"® > 0. (3.27)

Note that Tr (Trarp Ji - (Lap ® @) py g = Tr Wp, 5. Thus we can simplify the optimiza-
tion (3.20) as

El(){)l;;T (p) = log max k (3.28a)
st TeWpkp >1—¢, (3.28b)

W, Q>0,W+ (K -1)Q =1, (3.28¢)

(1-k)Q™ <W'e < (1+k)Q"s. (3.28d)

Eliminating the variable () via the condition W + (k‘2 — 1) Q=1andlet M =W7T, n=1%

~ k
we obtain the desired result. |
Remark 3.4 Note that the calculation in Eq. (3.12) can be implemented with two steps:

(1) computing the SDP: min{n ‘ 0<M<1,TrMp>1—¢e,—nl <M'B < 77]1} and

obtaining the optimal value 7;
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3.2. ONE-SHOT ENTANGLEMENT DISTILLATION

(2) the optimal value on the r.h.s of Eq. (3.12) is given by log|1/no].

Remark 3.5 It is easy to check that 6 = logx — log|z| € [0,1] for any > 1. Thus in
Eq. (3.12), we can use the least constant § € [0, 1] to adjust the r.h.s. to be the logarithm of an

integer, i.e,

El(jl)}’fPT(p) :—logmin{n‘ogMgll,TrMpZ 1—e,—nl < M5 <nl} -4
(3.29)

This form will help our analysis in the following discussion.

In the next result, we build an exact connection between the one-shot distillable entangle-

ment under PPT operations and the quantum hypothesis testing relative entropy .

Theorem 3.6 For any bipartite quantum state p op and error tolerance ¢ € (0, 1), it holds that

1), .
Efper (aB) = (Ghan Di; (paBllG) — 6, (3.30)
G=Gt

where 0 € [0, 1] is the least constant such that the r.h.s. is the logarithm of an integer.

Proof The main idea to build this connection is to use the norm duality between infinity norm

and trace norm. From Eq. (3.29), we know that
Ep per (o) = —logmin [ M7[|  —5, (331)

where the set S, := { M [0 < M < 1,TrMp>1—c}and § € [0,1]. Then using the norm

duality || M||ec = max| g, <1,c=ct Tr MG, we substitute infinity norm with trace norm and

obtain
E](DI)P’,%T (p) = —logmin max TrMG — 4. (3.32)
' Sp [|GTB|1<1
G=Gt

Since the objective function is linear with respect to the variable M and GG, we can apply Sion’s

minimax theorem [Sio58] and exchange the minimization with the maximization 2,

EWE =—log max minTrMG -—§ 3.33
bibrr (7) ®jcta st S, 339
G=aGt
= min —logminTr MG —§. (3.34)
IGTB|1<1 Sp
G=aGt

Note that the quantum hypothesis testing here only indicates the convex optimization without a clear operational
meaning. The second term in the hypothesis testing relative entropy is extended to Hermitian operators.
Note that the result of mins, Tr MG in Eq. (3.34) might be negative. But without loss of generality, we will use

the convention log x = —oo for x < 0 throughout this thesis.
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Due to the definition of quantum hypothesis testing relative entropy, we have the desired result.

This result provides an intuitive interpretation that the one-shot distillable entanglement
under PPT operations is given by the “distance” between the given state and a class of useless
operators (. Note that Branddo and Datta [BD11] have shown a similar “distance” character-
ization for (approximately) separability-preserving operations. In terms of coherence theory,
Winter and Yang have shown that the distillable coherence under MIO is given by the “dis-
tance” between the given state and the class of incoherent states [WY16]. Such “distance”
characterization is widely used for various task in quantum information theory while no gen-

eral result is known. We give a brief summary of the known results in Appendix A.

pi(riGl.e

wet® P

Remark 3.7 Note that the optimal solution G in the optimization (3.30) is not necessarily
positive, as shown in the following example. Here the quantum hypothesis testing relative
entropy loses its operational interpretation, but it is still a well-defined quantity as a convex
optimization.

Let pg = 3lo1) (1] + jlp2) (ol with [p1) = cos6]00) + sin6|11) and |@2) = [10).
Using the dual SDP for the quantum hypothesis testing relative entropy, the optimal value of

min ;rg ), <1, gct Dir (pl|G) is equal to

—logmax { TrX +¢(1-2)| G- X —tp>0,X <0, >0, [¢™||, <1,6 =G},
(3.35)

Without considering the composition of — log, we have the following SDP 1. In Figure 3.2,
we show that adding the constraint G > 0 will change the optimal value of SDP 1. That is, the
optimal values of SDP 1 and SDP 2 are different. This tells the optimal solution in Eq. (3.30)

is not taken at positive operator G .

“ We implement the SDP 1 and SDP 2 via CVX package, both of which can be solved to a very high (near-machine)

precision. The maximal gap in the plot is approximately 1.7 x 102
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3.2. ONE-SHOT ENTANGLEMENT DISTILLATION

SDP 1 SDP 2
maximize Tr X +1¢ (1 —¢) (3.36a) maximize Tr X + ¢ (1 —¢) (3.37a)
subjectto G — X —tp > 0, (3.36b)  subjectto G — X —tp > 0, (3.37b)
X <0,t>0, (3.36¢) X <0,t>0, (3.37¢)
IGTE|, <1, G =Gt (3.36d) |GTB ]|, <1, G>0. (3.37d)
0.8
0.78
E
<
Z 076}
<
£
S 074}
(=9}
@)
2]

0.72

0.7

0.3 0.35 0.4 0.45 0.5
State parameter 6

Figure 3.2 : This figure demonstrates the difference of optimal values in SDP 1 (3.36) and
SDP 2 (3.37) for the defined quantum state py. The solid line depicits the optimal value of
SDP 1 while the dashed line depicits the optimal value of SDP 2. The parameter 6 ranges from
7/12 to /6 and error tolerance is taken at ¢ = 1 — 1/3/2.

We stress a bit further the difference between the feasible set in Eq. (3.30) and the Rains
set PPT' (A: B) = {0 > 0| |[c?®|l; < 1}. If we can show that taking positive solution G

will not compromise too much of the distillable entanglement, i.e.,

(1),e N\ . ®
Epppr (P3B) ~ 0. ”Hcl;ngnglD% (PABlG) (3.38)

especially for large n, then we can solve a very nice conjecture that

Epppr (paB) = R* (paB), (3.39)

according to the result in [BP10].

Remark 3.8 It is also worth mentioning that we can quickly recover the Rains bound [RaiOl,

ADVWO02] from Theorem 3.6. Recall that the the Rains bound is given by

R(paB) = min D (paBlloas), (3.40)

020, [lo"B [1<1
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Let o be the minimizer of the Rains bound. We have E](Dl)lgijT (P9%) < D5 (p5plloSy) — 6

by choosing the feasible solution G as 0 and § € [0, 1]. Taking regularization on both sides,

we obtain
m lim L EO:
Epppr (paB) = il_l’}l’(l] nh_)rgo EED,P;T (pf?i%) (3.41)
1
< lim lim —D5% (p3%lc%® 42
< lim 1im —Di (p35l045) (3.42)
= D (paglloas) (3.43)
= R(pan), (3.44)

where the second equality follows from the quantum Stein’s lemma [HP91, ONOO].

3.3 Non-asymptotic entanglement distillation

We now introduce an efficiently computable estimation of the non-asymptotic distillable entan-
glement for general quantum states. Such estimation is especially accurate for large n where
the term O (log n) is negligible.

Recall that the coherent information is defined as I (4)B), := D (pap||1a ® pp). The
quantum information variance is defined as V (p||o) := Tr p (log p — log 0)* — D (p||o)?. The

coherent information variance is defined as V' (4)B) , := V (pap|1a ® pp).

Theorem 3.9 For any given bipartite quantum state p o, number of prepared states n, error
tolerance € € (0, 1), and operation class Q0 € {1-LOCC, LOCC, SEP, PPT}, it holds that

f(p,n,e)+ O (logn) < ES){’; (P9%) < g(p,n,e)+ O (logn), (3.45)

where f (p,n,e) and g (p,n, ) are efficiently computable functions given by

f(p,n,e) :==nl(A)B),+/nV (4)B), "' (¢), (3.46)

g(p.n,e) :=nR(p)+/nVr(p) @7 (), (3.47)

and Vi (p) = V (p||o), o is the minimizer * of the Rains bound (3.40), @~ is the inverse

cumulative normal distribution function.

Proof Due to the inclusion relations of the operation classes, we only need to show the upper

bound for PPT operations and lower bound for 1-LOCC operations. Each second-order bound

The minimizer o is not necessarily unique unless p is full rank. However, the result of this Theorem holds for any

minimizer o.
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3.3. NON-ASYMPTOTIC ENTANGLEMENT DISTILLATION

can be obtained by applying the corresponding one-shot bound to n-fold tensor product state
p®™ and combining with the second-order expansion of the related entropies.

For the second-order upper bound, denote o as the minimizer of the Rains boudn (3.40).
We first have E](Dl)P‘SPT (P9%) < D3 (p5plloy) — 6 by taking the feasible solution G = o %7,
in Eq. (3.30) and § € [0,1]. Due to the second-order expansion of the quantum hypothesis
testing relative entropy [TH13, Lil4], we obtain

Ep ppr (055) < nD (pllo) +V/aV (pll) @71 () +-O (logn) . (3.48)

For the second-order lower bound, we adopt the one-shot hashing bound in Lemma 3.10
below. For the n-fold tensor product state p% . we choose 7 = 1/4/n and have the following
result which holds for n > 1/e,

E ) oce (05%) = —Hax " (A"|B™) o + 4log . (3.49)

Using the second-order expansion of the smoothed conditional max-entropy [TH13], we have
ES s oce (P5%) = —nH (A|B), + \/nV (A Ve - in) ) + O (logn) (3.50)
= +4/nV (A )+ O (logn) . (3.51)

The second line follows since I (A4)B), = —H (A|B) . Note that &~ is continuously differ-
entiable around € > 0 and we have ®~! ((\/E — 1/\/5)2) =3 1(e) + 0O (1/y/n).
[ |

Lemma 3.10 (/WTBI16]) For any bipartite quantum state p op, error tolerance € € (0, 1) and
0 <n < /e it holds

EY)S oce (pap) = —HyE " (A|B), + 4log1. (3.52)

Remark 3.11 It is worth noting that there are some other one-shot lower bounds [BD13,
BD10a] which can be used to establish second-order estimations. One of the reasons we use the
one-shot lower bound in Lemma 3.10 is because it gives the same € dependence as our second-
order upper bound. For pure states, there exists a better one-shot lower bound in [BD13]. But
note that our second-order bounds are already tight for pure states up to the second order terms.

The difficulty of obtaining good second-order estimation is to find one-shot bounds which
give the same epsilon dependence after the second-order expansion. This is necessary to show

the tightness of second-order bounds. Our result in Theorem 3.6 works well in this sense.

Remark 3.12 Since the Rains bound in Eq. (3.40) is given as a convex optimization, there

are various methods to solve it numerically. We provide an algorithm which can be used to
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efficiently calculate the Rains bound and output the minimizer operator in Appendix B. It is
also worth noting that our bounds are similar to the second-order bounds on quantum capacity

in [TBR16]. However, the bounds in Ref. [TBR16] are not are not easy to calculate in general.

3.4 Examples

In the following, we apply our second-order bounds to estimate the non-asymptotic distillable
entanglement of some important classes of states, including pure states, mixtures of Bell states,

maximally correlated states and isotropic states.

Pure states

For any bipartite pure state |¢), denote the reduced state as py = Trpap. Without loss

of generality, we only need to consider a pure state ¢» with Schmidt decomposition [¢)) =
> /Dilii), then py = pp = > p;li)(i|. Let ¢ = Y p;lit)(ii|. We can check that o € PPT’

and the following equalities are straightforward,
D (¢llo) =1(A)B),, =S (pa), (3.53)
V (llo) =V (A)B), =Trpa(logpa)* — S (pa)?. (3.54)

Since D (¢[|o) = I (A)B), < R(¢) < D (¢||o), we know that o is the minimizer of the

Rains bound optimization. Then

E](DI)QE (¥®") = nS (pa) + \/n (Tr pa(logpa)® — S (PA)2> d~1(e)+ 0O (logn), (3.55)

for Q € {1-LOCC, LOCC, SEP, PPT}. This estimation has been given by Datta and Leditzky
[DL15], which was only for LOCC operations. It is known that the distillable entanglement of
a pure state coincide with the von Neumann entropy of its reduced state under 1-LOCC, LOCC,
SEP, PPT [LPOla]. The result in Eq. (3.55) shows that not only is the asymptotic distillable

entanglement the same but also its convergence speed (second-order term) .

Mixture of Bell states

In laboratories, we usually obtain mixed states due to imperfection of operations and decoher-
ence. A common case is the noise dominated by one type of Pauli error [CTSL06, CamO07].

Without loss of generality, we consider the phase noise, which results in the mixture of Bell

° We can further prove that for any pure state the one-shot distillable entanglement is also the same under these four

classes of operations.
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3.4. EXAMPLES

states pap = plvi)(vi] + (1= p) [vz) (v2]. where p € (0,1), [u1) = =5 (|01) +[10)) and
lvg) = % (|01) — |10)). Following similar steps for pure states, we can take the minimizer

o = 3|v1)(v1|+ |v2) (va| and show that our second-order bounds in Eq. (3.45) are tight. Thus

. L-p)’
Eng (o55) =n (1~ <p>>+\/np<1—p> (1og pp> 7' () + 0 (logn), (3.56)

where hs (p) = —plogp — (1 — p)log (1 — p) is the binary entropy and the operation class
Q2 € {1-LOCC, LOCC, SEP, PPT}.

Maximally correlated states

Besides the mixture of Bell states above, we can also show the tightness for a broader class
of state, i.e., all maximally correlated states pap = Z?J_':lo pijliaig)(jajn|, where pa =
Z‘i}io pijlia)(jal is a quantum state. Taking the minimizer 0 = A (p) where A (-) =
Z?;io(ij\ - |i7)|ig)(ij| is the completely dephashing channel on the bipartite systems, we
have

ESy (05%) = nD (oA (p) + v/nV (pllA () 71 () + O (log n) , (3.57)

for Q € {1-LOCC, LOCC, SEP, PPT}. Note that if py4 is a pure state, then maximally corre-
lated state p4p will also reduce to a bipartite pure states. The class of maximally correlated
states also contains the mixture of Bell states.

Furthermore, since the resource theory of coherence is closely related to the one of entan-

glement due to the one-to-one correspondence

d—1 d—1
pap = Y_ Dijliaip)(jajsl === Dpa= Y _ pijlia){jal, (3.58)
i,j=0 1,j=0

an important conjecture with various evidences is that any incoherent operation acting on a state
p4 is equivalent to an LOCC operation acting on the maximally correlated state p4p [WY 16,
SAP17]. If this conjecture holds, Eq. (3.57) will also give the second-order characterization for

coherence distillation.

Isotropic states

Another common noise in reality is the so-called depolarizing noise [Cam07, NFB14], which
results in the isotropic state,

1-— P4
a2 -1’

pp=F-By+(1—F) (3.59)
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where 0 < F' < 1 and d is the local dimension of the maximally entangled state ®;. The
isotropic state is also the Choi-Jamiotkowski state of the depolarizing channel, and its 1-
LOCC distillable entanglement is equal to the quantum capacity of the depolarizing channel
[BDSW96, PLOB17] N (p) = pp + (1 — p) 1/d, the determination of which is still a big
open problem in quantum information theory. Here we study the non-asymptotic distillable
entanglement of this particular class of states.

Isotropic states possess the same symmetry as the maximally entangled states, which are
invariant under any local unitary U ® U. Exploiting such symmetry, we can simplify the PPT-

assisted distillable entanglement for the n-fold isotropic state as a linear program ©.

Lemma 3.13 For any n-fold isotropic state p?” with integer n and error tolerance ¢, its one-

shot distillable entanglement under PPT operations El()1 )P;‘EPT (p?”) is given by

log maximize |1/n] (3.60a)
: n n 7 o n—i__ . -
subject to Zi:o <Z>F 1—F)""m;>1—e¢, (3.60b)
-n < Zi:o Tg k1 S , Vk= 07 17 e, N, (3600)
0<m; <1,VvVi=0,1,--- ,n, (3.60d)
where
min{i,k}
1 k n—k i—m k—m n—k+m—i
ik = — . -1 d—1 d+1 . (3.61
e D > 0 [ [ VR e AR G:61)

m=max{0,i+k—n}
Proof The technique is very similar to the one we use in the proof of Lemma 3.3. Consider

the n-fold isotropic state

n ) 1_F n—i
P =" [P (@d, @di) , with f; = F? <d2 _ 1) Dk =1 - . (3.62)
i=0

Here, P/ (CID, CIDL) represents the sum of those n-fold tensor product terms with exactly ¢ copies

of ®,. For example,
P3 (cbd, cpj) SR @D+ DL @Dy DL+ By @ D @ DL (3.63)
Suppose M is the optimal solution of the optimization

Bl or (07") = logmax { [1/n] [0 < M < 1, T Mp§" = 1~ &, =1 < M7 <t },
(3.64)

Note that the optimal fidelity for n-fold isotropic states can also be simplified to a linear program, which has been

studied by Rains in [RaiO1]. Here, we focus on the distillable rate.
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3.4. EXAMPLES

then for any local unitary U = @7, (U4 ® Uig) where i denotes the i-th copies of corre-
sponding system, U MU is a also optimal solution. Convex combinations of optimal solutions
are also optimal. So we can take the optimal solution M to be an operator which is invariant
under any local unitary Q);"_, (UA & UzB) Moreover, since p%n is invariant under the sym-
metric group acting by permuting the tensor factors, we can take the optimal solution M of the
form Y m;P, (<I>d, @L)

Since P ((IDd, 0% ) are orthogonal projections, the operator M has eigenvalues {m;}!"
without considering degeneracy. Next, we will need to know the eigenvalues of M 5. Decom-

. Ty . L .
posing operators CID;FB and @j " into orthogonal projections, i.e.,

1

(P —P), 1P = <1 — ;) Py + <1 + 1) P_ (3.65)

olp —
¢4 d

where P, and P_ are symmetric and anti-symmetric projections respectively and collecting

the terms with respect to P}’ (P4, P_), we have

MTe = ZmiPi"< ?,@LTB) (3.66)
=0

- Zm(zxkp,? (P+,P,)> (3.67)
=0 k=0

k=0 =0

Since P} (P4, P_) are also orthogonal projections, MTZ has eigenvalues {t;}7_, without
considering degeneracy, where t, = » ", z; ym;. As for the condition Tr M p%” >1—e,we

have

Te Mp2n Trz fimg P <<1>d,<1>d) (3.69)
n n—i

- Z fm<2> (d*—1) (3.70)

_Z< >F (1—F)" "m,. (3.71)

|

This linear program can be solved exactly via Mathematica. In Figure 3.3, we plot the
one-shot distillable entanglement for the n-fold isotropic state p}‘?n with d = 3, F = 0.9,
and error tolerance 0.001. The blocklength n ranges from 1 to 100. We observe that even if
we were able to coherently manipulate 100 copies of the states with the broad class of PPT

assistance, the maximal distillation rate still could not reach the hashing bound I (A)B) P
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which is asymptotically achievable. This implies the asymptotic rate does not give a good

estimation in the practical scenario.

<038
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. ° 1),
LES ber (o5

10 20 30 40 50 60 70 80 90 100
Number of state copies, n

Figure 3.3 : The dotted line shows the exact value of distillation rate for n-fold isotropic state
P2 with F = 0.9, local dimension d = 3. The error tolerance is taken at ¢ = 0.001 and the
blocklength n ranges from 1 to 100. The solid line below is the hashing bound, while the solid
line above is the Rains bound.

For the approximation of large blocklength entanglement distillation, we employ the second-
order bounds in Eq. (3.45). In Figure 3.4, we show the second-order estimation for n-fold
isotropic state p%n with d = 3, F' = 0.9, and error tolerance 0.001. In this figure we focus
on large blocklength (n > 100) and use a logarithmic scale of the horizontal axis. The finite
blocklength distillation rate lies between the two dashed lines, while the asymptotic rate lies

between the two solid lines.
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Figure 3.4 : The two dashed lines show the second-order lower bound in Eq. (3.46) and upper
bound in Eq. (3.47) for n-fold isotropic state p}‘?" with F' = 0.9, local dimension d = 3. The
error tolerance is taken at £ = 0.001 and the blocklength n ranges from 102 to 107. The solid
line below is the hashing bound, while the solid line above is the Rains bound.

Using the curve fitting via least-squares method, we can construct an ansatz curve

1 1
08T | 2, (3.72)
n

1+ 62\/177 +c3 "
which has the best fit to the series of points %ES)I;;T (p2") (1 <n <100) in Figure 3.3.
Combining with the second-order upper bound in Figure 3.4, we get Figure 3.5. It shows that
for small number of copies n, the second-order upper bound does not give a accurate estimation
since we ignore the term O (log n). But for large n (> 10?), the fitting curve almost coincides
with the second-order upper bound. Thus the second-order upper bound works better for large
blocklength estimation. The convergence of the fitting curve indicates that Ep ppr (pr) =
R (pr) for isotropic states pp. It would be of great interest to find an analytical proof for this

conjecture.
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Figure 3.5 : The dash-dotted line is the fitting curve of exact values of distillation rate for n-
fold isotropic state p}‘?” with F' = 0.9, local dimension d = 3. The error tolerance is taken at
€ = 0.001. The dashed line is the second-order upper bound in Eq. (3.47) and the solid line is

the Rains bound.
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3.5 Discussion

3.5.1 Summary of results

1. SDP for one-shot distillable entanglement under PPT operations:

EI(DI,);PT (p) = logmax { |1/n] | 0<M<1,TrMp>1—¢,—nl < M8 < nl }.

2. Connection between entanglement distillation under PPT operations and the

quantum hypothesis testing:

gLe AB) = min D% (pap||G) — 9,
b.ppT (PAB) 1GTB <1 7 (paB||G)
C=Cl

where 0 € [0, 1] is the least constant such that the r.h.s. is the logarithm of an

integer.
3. Efficiently computable second-order estimation for general quantum states:
1),
f (p,n,€) + O (logn) < BNy (p5%) < g(p,n,€) + O (logn),
where f and g are given by Egs. (3.46) and (3.47) respectively.

4. Various practical example analysis including the pure states, mixture of Bell

states, maximally correlated states and isotropic states.

3.5.2 Outlook

We have provided both theoretical and numerical results for the entanglement distillation in the
non-asymptotic setting. Since entanglement distillation has become a central building block of
quantum network proposals [DBCZ99, CTSL06, GIC12, NFB14], our results can be applied as
useful benchmarks for experimentalists to build a reliable quantum network in the future. The-
oretically, we have obtained a complete characterization of one-shot entanglement distillation
under PPT operations and built a precise connection between one-shot distillable entanglement
and hypothesis testing relative entropy in Eq. (3.30). This also provides a potential approach
to improve the Rains bound by taking other forms of feasible solution, for example, non-i.i.d.
operators. The recent progress on the entropy accumulation theorem [DFR16] can estimate the
entropy without the assumption of i.i.d. input. It is thus of great interest to further relax the

finite analysis of entanglement distillation to a more general case.
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Chapter 4

Coherence distillation

4.1 Introduction

4.1.1 Background

Quantum coherence is a physical resource that is essential for various tasks in quantum comput-
ing (e.g. implementing the Deutsch-Jozsa algorithm [Hil16]), quantum cryptography (e.g. quan-
tum key distribution [CML16]), quantum information processing (e.g. quantum state merg-
ing [SCRT16], state redistribution [AJS18] and channel simulation [DFW " 18]), thermody-
namics [LJR15] and quantum metrology [FD11]. A series of efforts have been devoted to build-
ing a resource framework of coherence in recent years [Abe06, GS08, LM 14, BCP14, SAP17],
characterizing in particular the state transformations and operational uses of coherence in fun-
damental resource manipulation protocols [WY 16, CSRT16, CH16, ZLY ™18, RFWA18]. As
in any physical resource theory, a central problem of the resource theory of quantum coherence
is distillation: the process of extracting canonical units of coherence, as represented by the
maximally coherent state |¥,,,), from a given quantum state using a choice of free operations.
The free states in the resource theory of quantum coherence, so-called incoherent states, are
the density operators which are diagonal in a given reference orthonormal basis {|i) }. The set
of incoherent states is denoted as Z. Depending on the choice of operations, one has a different
resource theory. There have been different proposals for the class of free operations to be
considered [WY16, CG16b, MS16, dVS17, SAP17], and there is no agreement on which one
should be considered as the most well motivated physically. This necessitates the investigation
of operational capabilities of several different classes of maps. The relevant choices of free
operations that we will focus on are: maximally incoherent operations (MIO) [Abe06], defined
to be all quantum operations £ such that £ (p) € Z for every p € Z; dephasing-covariant
incoherent operations (DIO) [CG16b, MS16], which are operations £ such that [A,&] = 0,



or equivalently & (|i)(i|) € Z and A (€ (]i){(j])) = 0,Vi # j. In particular, MIO is the
largest possible choice of free operations in the resource theory of coherence, and therefore
its operational capabilities establish ultimate limits for transformations with all types of free
operations.

The usual asymptotic approach to studying the problem in quantum information theory
is to assume that there is an unbounded number of independent and identically distributed
copies of a quantum state available and impose that the transformation error asymptotically
goes to zero [BBPS96, BBP196, Rai99b, WY 16]. In a realistic setting, these assumptions
become unphysical due to our limited access to a finite number of copies of a given state, and
it becomes necessary to look at non-asymptotic and, in particular, one-shot regimes in detail.
More importantly, since loss and decoherence severely restrict our ability to manipulate large
quantum systems, one needs to allow for a finite error in the distillation protocol.

Like any resource transformation, there are two kinds of setting for coherence distillation,
i.e., deterministic distillation and probabilistic distillation. In the deterministic scenario, the
transformation process always succeeds and we can study the tradeoff between the distillable
rate and the distillation fidelity. However, deterministic protocols such as the ones recently
studied in [RFWA 18] may not always be the most suitable choice, particularly when the max-
imal achievable fidelity of distillation is not sufficient for the desired applications. It is thus
of importance to consider a more general framework, probabilistic coherence distillation, in
which the distillation will succeed only with some probability. Here, the allowed error can be
characterized by two key parameters with practical relevance: the success probability of the
one-shot distillation process, and the fidelity between the extracted state and the target state
|W,,,). To have a systematic understanding of coherence distillation with finite resources and
be able to implement practical schemes for this task, it is crucial to describe and optimize the

fundamental relations between these two parameters.

achievable
region

0 1 F
Figure 4.1 : A schematic plot of the tradeoff between success probability (p) and the fidelity of
coherence distillation (F').
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4.1. INTRODUCTION

In Figure 4.1, we show a schematic plot of the tradeoff between the success probability and
the fidelity. For a given resource quantum state and target state dimension, we may compro-
mise a bit of the success probability to obtain a quantum state of higher fidelity. The red line
(marked with arrow B) corresponds to the deterministic coherence distillation that the success
probability is forced to be one. In section 4.2 we will see MIO and DIO have exactly the same
power on this line. The blue dot (marked with arrow A) indicates the maximal fidelity of co-
herence distillation, which is a key parameter in the deterministic scenario. The yellow line
(marked with arrow C) corresponds to the zero-error scenario, on which the maximal success
probability admits an analytical formula for pure resource state [LPO1b, CG16b, DBGI15]. In
section 4.3, we will show that MIO can be much more powerful than DIO in this zero-error
case. More generally, if there exists a quantum operation with which we can distill a coherent
state with fidelity F' and success with probability p, the tuple (F p) is called achievable. The
shaded area indicates all the achievable tuples. In section 4.3, we will discuss how to obtain

the boundary of such achievable region via semidefinite programs.

4.1.2 Outline

In section 4.2, we study the deterministic distillation of quantum coherence in the one-shot
setting, that is, the conversion of general quantum states into maximally coherent states under
different classes of quantum operations. We show that MIO and DIO have the same power in
the task of one-shot coherence distillation. We establish that the one-shot distillable coherence
under MIO and DIO is efficiently computable with a semidefinite program, which we show to
correspond to a quantum hypothesis testing problem.

In section 4.3, we develop a general framework of probabilistic coherence distillation. We
interpret the fundamental relations between the distillation fidelity and the maximal success
probability via a gauge function construction, and show that the maximal success probability
under MIO and DIO can be efficiently computed via semidefinite programming. We demon-
strate that the distillation of perfect coherence from any full-rank state is impossible even prob-
abilistically, while any pure coherent state can always be perfectly distilled with MIO into a
maximally coherent state of arbitrary dimension with a non-zero probability. This result high-
lights an operational advantage of MIO over other classes of operations and contrasts with the
case of deterministic distillation. We provided an analytical characterization of distillation with
pure input states and in particular described the distillation of qubit maximally coherent states
under MIO and DIO. We further explored novel phenomena of coherence distillation such as
the breakdown of the tradeoff between the maximal success probability and the fidelity under

a certain threshold as well as the catalyst-assisted enhancement by maximally coherent states.

55



4.2 Deterministic coherence distillation

In this section, we study the deterministic coherence distillation in the one-shot setting, in
which one has access only to a single copy of a quantum system and allows for a finite accu-
racy, reflecting the realistic restrictions on state transformations. In particular, we establish an
exact expression for the one-shot distillable coherence under MIO and DIO, which can be effi-
ciently computed as an SDP. Interestingly, we show that the two quantities are in fact the same,
demonstrating that MIO and DIO have the same power in the task of coherence distillation,
and together with recent results in coherence dilution [ZLY ™18, Chil8] shedding light on the

asymptotic reversibility of state transformations in the resource of coherence under DIO.

4.2.1 Framework of deterministic coherence distillation

We will denote by ¥,, = |¥,,X¥,,| the m-dimensional maximally coherent state where
Uo) = >0, \F’ i) in the reference basis. The distillable coherence Cy 10 (p) is the asymp-
totic rate at which W9 can be obtained per copy of a given state p via incoherent operations.
Winter and Yang [WY 16] showed that the distillable coherence of an arbitrary mixed state coin-
cides with the relative entropy of coherence C,. (p) = miny,ez D (p||o) introduced in [Abe06].

For any state p, the distillable coherence is then given by

Cajo (p) = Cr(p) = S (A(p)) = S(p)- 4.1)
We now consider the non-asymptotic setting.

Definition 4.1 For any quantum state p, the fidelity of coherence distillation under the class of
operations §2 is defined by

Fa (pym) = maxTrll (p) Wr,. (4.2)

Definition 4.2 For any quantum state p and error tolerance €, the one-shot e-error distillable

coherence under the class of operation 2 is defined as
Cc(z,ls)ie (p) :==logmax {m € N ‘ Fo(p,m)>1—¢}. (4.3)
As a consequence, the asymptotic distillable coherence can be given as

Cao (p) = lim lim CQ (p°") . (4.4)

e—=>0n—ocon

4.2.2 Distillation rate of quantum coherence

One of the main results of this section is that the one-shot distillable coherence can be computed

exactly via the following SDP.
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4.2. DETERMINISTIC COHERENCE DISTILLATION

Theorem 4.3 For any state p and operation class Q2 € {MIO, DIO}, the fidelity of coherence

distillation and the one-shot distillable coherence can both be written as the following SDPs:
1
Fg(p,m):max{Ter‘OgGgll, A(G):]l}, 4.5)
m
Cc(zlg)z (p) = logmaX{Ll/nJ ‘ TrGp>1-6,0<G<1,A(G) = 77]1} . (4.6)

Proof Let us consider the class MIO first. Denote Ji; as the Choi-Jamiotkowski matrix of

operation II. Then due to the Choi-Jamiotkowski isomorphism, it holds

TrIL(p) Uy = Tr (TraJu - p" @ 1) Uy = Tr (Trp (Ju- L@ U))pl.  (47)
According to the definition, we have the following optimization
C'((ilg/ﬁo (p) = log max {m € N‘ Tr(Trg (Jp-1@¥,))pl >1—¢, 1l e MIO}. (4.8)

Denote U, as the unitary that permutes the basis {|i) } to {|7 (¢))}. Then ¥,, is invariant under
all U,. Suppose the optimal solution of optimization (4.8) is taken at Jir. We can check that
(1 ® Uy) Ji (1 @ U,)' is also optimal. Since any convex combination of optimal solutions
remains optimal, we know that (1/m!)>"_ (1 ® Uy) Ji (1 @ Uy)' is also optimal. According
to Schur’s lemma, this uniform average will lead to a particular structure of an optimal solution
Ji=R®1+Q® (V,, — L1). Moreover, since Trg Jii = 1, we have R = -L1. Since
the operation maps any incoherent state to an incoherent state, we have A (Q)) = 0. Thus there

exists an optimal operation admitting the structure that
1 1
Jn:Q®(\Ifm—]l>+]l®]l,A(Q):0. (4.9)
m m

Then Ji; > 0 if and only if —ﬁ]l < @ < 1. By direct calculation, TrII(p) ¥,, =
(1 — %) TrQp” + % Then we have

1 1 1
FMlo@,m):max{(l—) Qo+ - \—ng@snmcz):o}. (4.10)
m m m—1
Replacing G = mT_lQ + %]1, we have
FMIo(p,m):max{Ter ‘OgGS]l,A(G)zlﬂ}. (4.11)
m

The optimal operation is given by

T1(p) = (TeGp) W+ (1~ T Cp) -
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Following the definition of one-shot distillable coherence and substituting 7 = 1/m, we have
the SDP for Célﬁﬁo (p). From Eq. (4.9), we know that the optimal operation is also in DIO.
Thus we have Fyiio (p, m) = Fpio (p, m) and C’L(i,lg/ﬁo (p) = C(g,l)’fo (p). [

This result reveals a fundamental relation between different sets of operations in the re-
source theory of coherence, showing that MIO and DIO have the same power in the task of
coherence distillation. This correspondence is in fact surprising: not only is DIO a strict subset
of MIO, it is also known that MIO is strictly more powerful than DIO in state transforma-
tions [CG16a, MS16], that there exist entropic coherence monotones under DIO which are not
monotones under MIO [CG16a], and that the two sets can exhibit different operational capa-
bilities in tasks such as coherence dilution [ZLY " 18]. Furthermore, since MIO constitutes the
largest class of free operations in the resource theory of coherence, the result is of practical rel-
evance as it shows that using DIO is sufficient to achieve the best rates of distillation under any
class of free operations. It is unknown if there is a corresponding result in entanglement theory
— the distillable rate under the (approximately) separability-preserving operations [BD11] can

be achieved via its strictly subset.

Remark 4.4 The calculation of the optimization (4.6) can be implemented with two separate
steps which are similar to Remark 3.4. With the same reasoning as Remark 3.5, we can use the

least constant § € [0, 1] to adjust the r.h.s. of Eq. (4.6) to be the logarithm of an integer, i.e,
C'[(ilg)l"E (p) = —log min {17 ‘ TrGp>1-¢,0<G<1,A(G) = 77]1} — 9. (4.13)

We will now show that the quantities introduced in Theorem 4.3 admit alternative char-
acterizations. In particular, we will express the one-shot distillable coherence as a quantum
hypothesis testing problem ! which is similar to the result in Theorem 3.6. To do so, we will
need to optimize over a larger set of matrices than the incoherent states Z: namely, the set of

diagonal Hermitian operators with unit trace,
J={XeHerm| TrX =1, A(X)=X} (4.14)

Proposition 4.5 For any quantum state p, error tolerance € and the operation class ) €
{MIO, DIO}, it holds that

™ (p) = min D (o]l X) —§, 4.15)

where § € [0, 1] is the least constant such that the r.h.s. is the logarithm of an integer.

Note that the quantum hypothesis testing here only indicates the convex optimization without a clear operational

meaning. The second term in the hypothesis testing relative entropy is extended to Hermitian operators.
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4.2. DETERMINISTIC COHERENCE DISTILLATION

Proof To begin with, note that
inf {n|A(W)=nl}=sup{TrMAW) | TTM=1,M = M'} (4.16)

by SDP strong duality. Denote the set of operators S, := {G | TrGp >1—¢,0< G <1},
From Eq. (4.13), we can obtain

CLo% (p) = —log minmin {7 A (G) =1} -0 (4.17)
P
= —log H‘;}n fuax Tr MA(G) -6 (4.18)
M=MT
= _IOgTIrIlJ\%§1 IréinTrA(M)G— 4] (4.19)
M=MT
= min —logminTr MG —§ (4.20)
Tr M=1 Sy
M=A(M)
M=MT*
= min D¢ M) -4 4.21
min D (p]| M) “.21)

where the third equality follows by Sion’s minimax theorem [Si0o58] and the self-duality of the
completely dephasing operation A. Without loss of generality, we take logx = —oo for any
xz <0. [ |

This result have important consequences beyond the one-shot regime, in particular for the
asymptotic reversibility of state transformations in the resource theory of coherence — that
is, the question whether the amount of coherence which can be distilled from a number of
copies of a state p (distillable coherence Cy) is the same as the amount of coherence needed to
prepare the same number of copies (coherence cost C..) in the asymptotic limit of an arbitrarily
large number of i.i.d. copies. It is known that the resource theory of coherence is reversible
under MIO [BG15, ZLY 18], but irreversible under IO as we have Cy10 (p) < Ce1o (p)
in general [WY16]. Recently, it has been claimed that C.pio (p) = Cemio (p) = Cr (p)
[ZLY 18], although a complete proof of this fact did not appear until [Chil8]. Our result
in Theorem 4.3 in particular shows that Cé’l]))’fo (p) = Cgﬁﬁo (p) and therefore Cy pio (p) =
Cami0 (p). Combining the known result [WY 16] Cy o (p) = C; (p), we have Cy pio (p) =
Camio (p) = Cy (p), complementing the claims of Ref. [ZLY 18] and strenghtening the
asymptotic results of Ref. [Chil8] by showing their applicability even in the one-shot case.
The fact that state transformations are indeed reversible under DIO and the maximal set of
operations MIO is not necessary for full reversibility contrasts with other resource theories
such as entanglement, where the maximal set of operations is the only one known to provide
asymptotic reversibility [VCO01, VDCO02, BPO8, WD17a].
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4.3 Probabilistic coherence distillation

In this section, we develop the framework of probabilistic coherence distillation, characteriz-
ing the relation between the maximum success probability and the fidelity of distillation in the
one-shot setting. We describe the quantitative and qualitative aspects of this task under several
representative choices of free operations, providing insights into not only the practical aspects
of state manipulations in the resource theory of quantum coherence, but also the fundamen-
tal differences between physically relevant classes of free operations and their performance
in coherence manipulation. Before proceeding, we note that, previously, the framework of
probabilistic state transformations has been employed in characterizing entanglement distilla-
tion [BBPS96, LPO1b, Vid99, JP99, IP05] as well as related settings in the resource theory
of thermodynamics [AOP16], and recently found use in the investigation of practical entan-
glement distillation schemes [RST*18]. Our results fill an important gap in the literature by

establishing the probabilistic toolbox for the key resource of quantum coherence.

4.3.1 Framework of probabilistic coherence distillation

The basic task of probabilistic distillation can be understood as follows. For any given quantum
state p held by a single party A, we aim to transform this state to an m-dimensional maximally
coherent state (target state) |V,,) = ﬁ Z:i—ol i) with high fidelity. A single-bit classical flag
register L is used to indicate whether the transformation succeeds or not. If the flag is in the 0
state, it tells that the distillation process succeeds and the output state o has fidelity at least 1 —¢
with the target state. Otherwise, the process has failed, and we discard the unwanted output
state w. Our goal is then to maximize the success probability while keeping the transformation
infidelity within some tolerance €. Let (p, m, ) be a triple with a given initial state p, target

state dimension m, and error tolerance €.

0/1

1

A

p —=—> B

—> o/

Figure 4.2 : The task of probabilistic coherence distillation with classical register L and
quantum registers A, B. If the classical outcome is 0, then the quantum output is o. Otherwise,
it ouputs w.
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4.3. PROBABILISTIC COHERENCE DISTILLATION

Definition 4.6 For any triple (p, m, ), the maximal success probability of coherence distilla-
tion under the operation class Q) € {S10,10,DIO, MIO} is defined as

Po(p—V,,,e) =maxp (4.22a)
st.asrp (p) =pl0)(0[L @0+ (1—p) [)(A]L @w,  (4.22b)
F(o,9,)*>1-¢,0<p<1, (4.22¢)

e, oweS_ (B). (4.22d)

If the distillation fails, we can perform a free operation to make the unwanted state w
completely mixed without changing the success probability. Thus, without loss of generality,
we can take w = 1/m. Exploiting the fact that the target state ¥,, is invariant under the

twirling operation

m!
1
T(0)=— ) PoP, (4.23)
Ti=1

where P; are all the permutations on the system of o, we can also fix the optimal output state

as 0 = V7 where

1-T
\1/;1::(1—5)\11m+5m_1". (4.24)

Specifically, for any optimal output state o, we can further perform the free operation 7, which
gives a new output state 7 (o) always in the form of a¥,,, + b (1 — ¥,,,) / (m — 1), where we
can choose a = 1 — € and b = ¢ while keeping the fidelity with the target state and the optimal

success probability unchanged. This allows us to write

meaning that the maximal success probability of coherence distillation is the same as the max-
imal success probability of transforming the given state to the target U5, with fidelity one.
4.3.2 Computing the maximum distillation probability

We now set out to find efficiently computable expressions for the maximal distillation prob-
ability. Consider a generalization of the set {2 to the class (g}, of subnormalized quantum
operations, that is, completely positive and trace-nonincreasing maps. Using this notation, we

can conveniently express the maximal success probability as follows (see also [IP05, BG17]).

Proposition 4.7 For any triplet (p, m, <) and operation class <), the maximal success proba-

bility Pq (p— W, €) is given by
max {p € Ry | E(p) =p-V;,, €€ Qup}. (4.26)
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Then, it holds that
Po(p—Vp,e) " =min{t e RL|US, €t-S,} (4.27)

where S, := {5 (p) ‘ £ e qub} is the set of all output operators of p under the operation

class Qgup.

Proof For any quantum operation 114,75 such that 114,15 (p) = [0)(0|,®&y (p)+|1) (1| ®
&1 (p) where &y and &; are two subnormalized operations, we can show that I14_,; 5 € Q if
and only if &), &1 € Qgup and & + & is trace preserving. Thus finding the optimal solution
in the optimization (4.22) is equivalent to find the optimal subnormalized operations & and &;
such that & (p) = p- V5, &1 (p) = (1 —p) 1/m and & + & trace-preserving. Since we can
always take & (p) = (Trp — Tr&y (p)) 1/m without compromising the success probability,
the maximal success probability of coherence distillation is only dependent on &y, and the
result follows. u

This result simplifies the optimization of the maximal success probability via subnormal-
ized free operations, providing a geometric interpretation for the maximal success probability

as a gauge function [Roc70, Reg18], as shown in Figure 4.3.

Figure 4.3 : Geometric interpretation of the maximal success probability of coherence distilla-
tion based on Eq. (4.27).

By further exploiting the symmetry of ¥Z , we can compute the maximal success probabil-

ity under MIO/DIO via the following semidefinite programs.

Theorem 4.8 For any triplet (p, m, ), the maximal success probability of distillation under
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4.3. PROBABILISTIC COHERENCE DISTILLATION

MIO and DIO are respectively given by

Pyiio (p— ¥y, ) = max TrGp

s.t. A(G) =mA(C), (4.28a)
0<C<GEL, (4.28b)
TrCp> (1 —¢)TrGp, (4.28¢)

Ppio (p— ¥y, e) = max TrGp
s.t. Egs. (4.284,4.28b,4.28¢), G = A(G).

Proof For any optimal subnormalized quantum operation £ in Proposition 4.7, the operation
£ = ToCisalso optimal since W5, is invariant under the twirling operation 7 in (4.23).
Denoting Jxs as the Choi-Jamiotkowski matrix of the operation N, we then have .J. :=0®
V,, + D ® (1 —¥,,) for some operators C' and D. Taking this form of Choi-Jamiotkowski
matrix into the conditions of the optimization in Proposition 4.7, we obtain the desired forms
of the SDPs. |

These SDPs provide us with an efficient way to numerically calculate the maximal success
probability for general triplets (p, m,e), and allow us to obtain fundamental results about the
capabilities of the different sets of operations for probabilistic coherence distillation.

It is known that operations in the class DIO can never increase the diagonal rank of a pure
state, while it is known that MIO allow for the rank to increase [CG16b], suggesting that MIO
is a much stronger class. It is therefore surprising that MIO and DIO have exactly the same
power in the task of deterministic coherence distillation in Theorem 4.3, and that the two sets
of operations lead to the same asymptotic transformation rates for all states [Chil8]. In the
following, we will instead explicitly show crucial differences between MIO and DIO when
one goes beyond deterministic transformations, highlighting the increased capabilities of MIO
in probabilistic distillation, as well as establishing the limitations on coherence distillation in

general.

Theorem 4.9 For any triplet (p, m,0) with full-rank state p and m > 2, it holds
PMIO (p—) \Iim, 0) = 0. (4.29)

For any triplet (¢, m,0) with coherent pure state |) = 2?1_01 ©ili), vi #0and m,n > 2, it
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holds >

PMIO ((,D — \I’m, 0)

n? n—-m_ n(m-1) | 2
> —— = — ¥ + — A(p) > — >0 (4.30)
Sicg leil 2 Il m g o m (0 el ?)
where
1 n—1 i n—1
~ i . -2
Q)= — 1) with s= CH 4.31)

Proof We prove the Eq. (4.29) first. From the SDP characterization in Theorem 4.8, we
know that G — C' > 0 and Tr (G — C) p = 0 due to ¢ = 0. Since p is full-rank, we have
G = C. Together with A (G) = mA (C) and m > 2, we have G = C = 0, implying
Pyio (p— ¥, 0) = 0.

As for Eq. (4.30), let us choose
(m—1)c

C=cp, G=cp+
n—1

(nA (@) — o), (4.32)
where

n—m_ n(m-—1) !

C =

4,
n_190 n—1 (4.33)

A(p)

We check the SDP constraints for MIO one by one. The first condition trivially holds by

the construction. The last condition holds since (p|nA (@) — @|p) = 0, which implies that
(¢|Cle) = (¢|Gle). We now move on to the second condition. Clearly C' > 0 and further-
more G > C' as follows from ¢ < nA (). To show that G < 1, just observe that

Il = |5+ 2 A @) -3 =] 2pe M Ra)| 1.
(4.34)
Hence, C, G as defined above form a valid ansatz for the semidefinite program and
Puviio (p,m,0) > TrGo = nzc, (4.35)

which yields the first lower bound in (4.30). As for the second bound, it suffices to show that
¢ > 1/m,i.e. that c=! < m. This can be done thanks to the triangle inequality:

~ —1 ~ ~
= |E+ T (A (E) - ) (4.36)
_ NoR:
< el + (m = 1) | 2222 @37)
<l+(m-1)=m, 4.38)

% T would like to thank Lami Ludovico for letting me include these lower bounds in this thesis.
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4.3. PROBABILISTIC COHERENCE DISTILLATION

nA@)—o
-1

where we have used the fact that o

is a valid density matrix. |

This result establishes a no-go theorem for coherence distillation, showing that no class of
free operations preserving incoherent states can allow to distill any perfect coherence from a
full-rank state, even probabilistically. Note that any generic density matrix has full rank, and

so does U7 for any € > 0. Thus
‘PMIO (\I/in—>\11m, 0) — PMIO (\I/m—>\11m, 0) ‘ = 1, (4.39)

even though W7 can be arbitrarily close to ¥,,,, implying that the maximal success probability
is not continuous with respect to the input state. In practical terms, any amount of depolarizing
noise will result in a full-rank state, so in a scenario where the coherent state ¥, is stored in
a quantum memory exposed to depolarizing noise, it is impossible to recover it perfectly using
free operations with any non-zero probability.

However, for any pure coherent state, it is always possible to probabilistically distill a

maximally coherent state of arbitrary dimension via MIO. The first lower bound gives

1
Puio(¥y — 0,0, 0) > - ifm > . (4.40)
m J—

Observe * that instead Ppo (U, —¥,,,0) = 0 for m > n. This tells us that, as the dimension

n increases, there are n-dimensional density matrices p,, such that

PMIO (,On—>\I/n+1,0) — 1, (4.41)
PDIO (pn — ‘I/n+1, 0) = O, (4.42)

for all n, i.e., Pyio and Ppio can exhibit an arbitrarily large gap. This shows that in the
probabilistic distillation scenario, MIO can be much more powerful than DIO in general, in a
stark contrast with the case of deterministic coherence distillation.

In the task of distilling maximally coherent qubit states Uy, we can extend the above result
and characterize analytically the maximal probability of distillation under DIO and MIO with

arbitrary infidelity €. In this particular case, MIO does not provide any advantage over DIO.

Lemma 4.10 ([LP01b, CG16b, DBG15]) For any pure state |p) = " | ;i), it holds

0 if rank A () < m,

Psyo (¢ = ¥m,0) = d
®) " min Z ©?  otherwise.

i=m—k+1

(4.43)

* It was proved in the following Lemma 4.15.
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Proposition 4.11 For any pure state |p) = > 1" | @;|i) with o1 > ... > ¢, > 0, and Q €
{DIO, MIOY}, it holds that

Po (o Us. <) 1 ife>eo (1), )
Q\p 2,€)= — 2 .
2 (1 - @%) <%—Z\/g> otherwise,
0 ifor < =
where €0 (801) = fSOl — V2 (445)
% - @lm otherwise.
Proof For the case of ¢ < %, we have
Po (= V2.€) > Psio (p—¥2,0) = L. (4.46)

From the result in [RFWA 18], we know that if ¢ > % — 1 W then Ppio (p— Ua,e) =
1. In the following, we therefore only consider the case € < % — 1 m . We prove this
result by explicit constructing feasible solutions in both primal and dual SDPs. The primal
SDP under DIO is given by

Poio (p— Ty, ) = max Tr Gy (4.472)
stTrCyp > (1—¢)TrGo, (4.47b)

0<C<G<I1, (4.47¢)

A(G)=2A(C), G=A(G). (4.47d)

We take the ansatz

1 n
G=1-al00], C=36+y3 eren (il +1D0). (4.48)

Then we have

1
TrGp=1—xz¢?, TrCp= 3 (1 —zp}) + 2yt (1 - d), (4.49)
and the spectrum of C' and G — C are given by
1 11 x? 1 2

n—2 fold

Then we have the relaxation
Ppio (p—Wg,e) > max 1 — zp?
st dypt (1—¢3) = (1—2¢) (1 —2¢7),
L—a > 407 (1 - i),
0<x<1.

4.51)
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4.3. PROBABILISTIC COHERENCE DISTILLATION

By choosing
Vi—etye)?
1-2(1-¢}) (V525 (VI—e+e)’ )
Tr = y Y= ) .
i 2% (1 — 2e)
we can verify that this is a feasible solution and obtain
V1—e+ /e ?
Ppio (p—Wa,e) > 2 (1 — ¢7) (1_25‘[ : (4.53)
As for the dual problem, we consider the dual SDP under MIO,
Pyviio (= Va,e) =min - TrY
st. 1—-(1—-¢g)zx)p+X+A(2)<Y, 4.54)

xp—X —2A(Z) <0,
2>0,X>0Y >0

Taking
— 2 — 2
ee WLy =2 (V) e - o). @59
Z = 1_2725!0><0|@\0><0|, X=Y-AZ)-(1-(1-¢)a)p, (4.56)

we can verify that {x, X, Y, Z} is a valid feasible solution. Thus

V1—e+ /€ 2
PMIO ((p—)qu, 6) <2 (1 — gp%) <1—25\[ . (4.57)
Combining Egs. (4.53) and (4.57), we have the desired result. |

Remark 4.12 The function ¢ can be related to the so-called m-distillation norm [REFWA18],

characterizing the fidelity of deterministic distillation.

Remark 4.13 Using this analytical result, we can give a concrete example to show that the
probabilistic distillation framework can outperform the deterministic one. Suppose we need to
distill a maximally coherent qubit state W5 from the input state |¢) = (3|0) + |1)) /+/10 with
acceptable fidelity at least 0.9. The input state becomes useless in the deterministic scenario,
since the maximal fidelity achievable via deterministic protocols is given by 0.8. However,
probabilistic operations allow us to achieve the required distillation fidelity with success prob-
ability 0.5, which is significantly better than always yielding nothing as in the deterministic
case. In the other case, if the acceptable fidelity is 0.8, we can gain better performance (higher
fidelity) by compromising a bit of the success probability despite the fact that deterministic
protocols are sufficient to accomplish the task. Such a scenario can be dubbed “gambling with

coherence”, based on similar terminology used in [BBPS96, LP01b].
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4.3.3 Relation between distillation fidelity and probability

For any given input state p and target state dimension m, the maximal success probability is
only dependent on the transformation fidelity. The higher the fidelity we require from our
output state, the lower the probability that we will succeed. Intuitively, one would expect that
the success probability will smoothly decrease as the fidelity increases; however, we find a
phenomenon which breaks this expectation. Specifically, we will now show that the maximal
success probability may happen to vanish if the fidelity goes beyond some threshold. This is
analogous to the strong converse theorem in channel coding theory [Wol78, ON99, Win99],
which says that the coding success probability goes to zero if the coding rate exceeds the
capacity of the channel. Note that this phenomenon will not occur in the case of distillation
from pure input states under MIO due to Theorem 4.9. In the following result, we completely

characterize this property for pure input states under DIO.

Proposition 4.14 For any pure state |p) = Y " | @;|i) with nonzero coefficients p;, it holds
that

>0 ifn>morifn<mande>1-,
PDIO ((p—)q/m,é') (458)

=0 ifn<mande <1-_.

Proof If n > m, we know that
Ppio (9= ¥, e) > Psio (p— ¥y, 0) > 0, 4.59)

where the second inequality follows from Eq. (4.43).
Note that if Py (07 —02,0) = 1, then Po (p—02,0) > Pqo (p—01,0) since we can first

transform p to oy perfectly and then get o2. If ¢ > 1 — -, we have
PDIO (\Ifn — \I/fn, 0) = PDIO (\I/n — \I/m, 8) =1. (4.60)

The first equality follows from the fact that Py (p— U, ) = P (p—05,,0). The second

equality follows from Lemma 4.15 below. Then

Ppio (¢—V¥m,e) = Ppio (¢ — V5, 0)
> Ppio (¢p—¥n, 0
( w0) (4.61)
> Psio (p— ¥y, 0)
> 0.
The first inequality follows from Eq. (4.60). The last inequality follows from Eq. (4.43). If
e <1— 2, wehave Ppio (¢ — Vs, €) < Ppio (¥n— ¥y, ) = 0, where the second equality

follows from Lemma 4.15. [ |
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4.3. PROBABILISTIC COHERENCE DISTILLATION

This result shows that if the input dimension is larger than the target state dimension, there
is always a tradeoff as expected between the maximal success probability and the transforma-
tion fidelity. However, the tradeoff curve will always be truncated at the fidelity threshold .
At the point of ¢ = 1 — *, demanding a slightly higher fidelity will make the probabilistic

distillation impossible, as shown in Figure 4.4.
Lemma 4.15 For any integer n < m, it holds that

L, e>1- 7,
PDIO (\Ifn — \I/m, E) = (4.62)
0, e<1l-.
Proof Fore > 1 — %, we can take feasible solution G = 1, C = %wn, which gives feasible

value 1 in the primal problem. For e < 1 — -*, we can take feasible solution x = 177%75

X=Y=02=_—L_1,W=_—L_ (ng, — 1), which gives feasible value 0 in the

m—n—me n—me

dual problem. ]

1 . .
0.8
2 :
5 :
So06f \
2 :
= :
2] .
2041 :
g — MIO :
“ 92} | = = DIO :
F=2/3 i

0 1 1 1 l 1
0 0.2 0.4 0.6 0.8 1
Distillation fidelity

Figure 4.4 : An example of the threshold in the tradeoff between the fidelity (/' = 1 — ¢) and
the success probability of distillation (p) for the transformation (|0) + 3|1)) /v/10 — ¥3. The
auxiliary dotted line F' = 2/3 is perpendicular to the horizontal axis.

4.3.4 Probabilistic distillation with catalytic assistance

A more general coherence distillation setting is to consider the scenario with catalytic assis-
tance [JP99], where the input to the protocol consists of the resource state p together with

another state v (catalyst). As suggested by its name, we need to reproduce -y untouched * in the

In the published paper [FWL " 18], we consider a more general framework which allows small perturbation of the

returning catalyst.
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output regardless of whether the distillation process succeeds or not. In [BSW16], the authors
study catalytic coherence transformations without enforcing the preservation of the catalyst
when the transformation fails — it is then not surprising that catalytic assistance improves the
success probability, since we take the risk to sacrifice our catalyst. However, we can show
that using catalysts can enhance probabilistic distillation even when we require them to be

reproduced regardless of the outcome.

0/1
L
A B
P =—> I —> 0/ ®

C C

o

Y mm—— pr—

Figure 4.5 : The task of probabilistic coherence distillation with catalytic assistance, where L
is the classical register and A, B, C;, C, are quantum registers.

Formally, we denote the the catalysis-assisted maximal success probability of coherence

distillation under the operation class €2 as Pq (p 5w, 5), which is given by

P (p N U, 6) = max p (4.63a)
st(p®7y) = (pl0)0|@o+(1—p)|1)(l|@w) @y, (4.63b)
F(o,9,)*>1-¢,0<p<1, (4.63c¢)

e o,weS=(B). (4.63d)

Since we can always choose not to interact with the catalyst, it is clear that
Pa(p 5 Upye) > Po(p— VU, e). (4.64)

Taking as an example the two-qubit state p = % (v1 + v9) with

joa) = 5 (100) 01 ~ 10} + J11)) (4.65)
1
|vg) = m(2|00> +6[01) — 3]10) + |11)), (4.66)

it turns out that the catalytic assistance of v = W5 can enhance the success probability (at least
12%) of distilling one coherent bit via DIO reliably (¢ < 0.01). This example shows that the
maximally coherent state can be used as a catalyst, manifesting a difference with the case of
deterministic state transformation, where no transformation can be catalyzed by a maximally
coherent state [JP99, DBGI15].
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4.3. PROBABILISTIC COHERENCE DISTILLATION

Note that the catalyst-assisted probability under DIO can still be written as an SDP. We
show the difference between Ppig (p % Vs, 0.01) and Ppio (p—> sy, 0.01) in the following
Figure 4.6. On the right hand side, the enhancement ratio is given by [PDIO ( P REN Uy, 0.01) —
Ppio(p—¥2,0.01)]/Ppio(p— ¥2,0.01).

0.55

— Catalyst-assisted 0.12} ,o*%t
> y o
£ 05) . 3= o°
= — - Unassisted k= o’
< sl = o
vg 0.45 7 8 0.1 ....
= E o®
a, 5 .°
2 04} o o*°
O = o®
3 =0.08F oo°
3035 = o’
@ - oo’
- -
0.3 - - - 0.06 - - -
0.1 0.2 0.3 0.4 0.5 0.1 0.2 0.3 0.4 0.5
State parameter State parameter

Figure 4.6 : Examples of catalyst-assisted probabilistic coherence distillation.
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4.4 Discussion

4.4.1 Summary of results

1. For deterministic coherence distillation, MIO and DIO have the same power:
F — (1)75 —_ (1)75
Mo (p;m) = Fpio (p,m) Cd,MIQ (p) = Cd,DIO (p),
Cypio (p) = Canmio (p) = Cr (p) -

For probabilistic coherence distillation, the probability gap under MIO and DIO

can be arbitrarily large.

2. Connection between the one-shot coherence distillation and the quantum hypoth-
esis testing: for 2 € {MIO, DIO} it holds

Cagi” (p) =

in D5 (p| X) — &
, min D (o] X) =9,

where 6 € [0, 1] is the least constant such that the r.h.s. is the logarithm of an

integer.

3. The maximal success probability of coherence distillation is given by a gauge

function
Po(p—Vyp,e) ' =min{t € RL|UE €t-S,}

where S, := {€ (p) | € € Quup } is the set of all output operators of p under the

operation class Qgp.

4. No-go theorem: no class of free operations preserving incoherent states can allow

to distill any perfect coherence from a full-rank state, even probabilistically.

5. The maximal success probability of coherence distillation may happen to vanish

if the fidelity goes beyond some threshold.

6. The maximally coherent state can be used as catalyst to enhance the success prob-

ability, which is contrast to the deterministic scenario.
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4.4. DISCUSSION

4.4.2 Outlook

Our work opens new perspectives for the investigation of quantum coherence manipulation
with finite resources, unveils several new features of coherence from a resource theoretic view-
point, and contributes to an increased understanding of the fundamental properties of the dif-
ferent sets of free operations. More generally, our results establish fundamental limitations to
the processing of coherence in realistic settings, which is of direct relevance to applications
in quantum information processing and quantum technology tasks that exploit coherence as a
resource. It would be of interest to analyze as well the task of probabilistic coherence dilution
under different free operations, whose deterministic case was studied in [ZLY " 18]. Another
interesting perspective for future work may be to apply the framework of probabilistic coher-
ence distillation developed here to the study of other important resource theories, such as those

of asymmetry, magic states, and thermodynamics.
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Chapter 5

Quantum channel simulation

Quantum channels are valuable resources for sending quantum information between different
quantum nodes. As a fundamental problem in quantum information theory, quantum channel
simulation considers using other quantum resources to simulate a given quantum channel. In
this chapter, we study the problem of simulating a quantum channel via quantum coherence

and another quantum channel, respectively.

5.1 Introduction

5.1.1 Background

As a fundamental ingredient of quantum information science, a quantum channel acts as an
irreplaceable component during the information transmission process, such as exchanging data
among different nodes in a quantum computer or sending qubits across the quantum internet.
Since every channel has different power of sending information, the quantification of the in-
formation theoretic power of a channel becomes one of the most fundamental problems in
information theory. One particular interest is the study of channel capacities, that is to ask how
many quantum (classical) bits a channel can reliably transmit per channel use. However, we
can unify the problem of channel capacities into a broader framework, i.e., channel simulation
— it studies using other resources to imitate the functionality of a channel. In this framework,
the process of sending quantum (classical) bits reliably using a quantum channel can be un-
derstood as a simulation of quantum (classical) noiseless channels [KW04]. Depending on the
different resources available, the channel simulation problem has many variants.

For classical channels, Shannon’s noisy channel coding theorem determines the capability
of noisy classical channels to simulate noiseless ones [Sha48]. Dual to this famous coding
theorem, the “reverse Shannon theorem” concerns the use of noiseless channels to simulate

noisy ones as well as the use of a channel to simulate another [BSST02]. Specifically, ev-



ery channel can be simulated using an amount of classical communication equal to the ca-
pacity of the channel when there is free shared randomness between A and B in the asymp-
totic setting [BSSTO02]. For quantum channels, the case when A and B share an unlimited
amount of entanglement has been completely solved by the quantum reverse Shannon theorem
(QRST) [BDH " 14, BCR11], which states that the rate to optimally simulate a quantum chan-
nel in the asymptotic setting is determined by its entanglement-assisted classical capacity. In
the zero-error setting [Sha56], using one channel to simulate another exactly with the aid of
non-signalling correlations has been studied recently in [CLMW11, DW16, WD16b]. More-
over, quantum channel simulations via quantum coherence and quantum entanglement have
been studied in [BBCW 13, BGMW17].

In realistic settings, the number of simulated channels and the amount of resource for
simulation are necessarily limited. Therefore, it is important to characterize how well we
can simulate a quantum channel with finite resources. The first step in this direction is to
consider the one-shot setting. One-shot analysis has recently attracted great interest in clas-
sical information theory (see, e.g., [PPV10, Hay09]) and quantum information theory (see,
e.g., [Tom12, DH13, BD10a, MW 14, WXD18, RR11, DRRW13, BCT16, AIM*16]). In one-
shot information theory, the smooth max-information of a quantum state [BCR11] and its gen-
eralizations [CBR14] are all basic and useful quantities, which have various applications in
quantum rate distortion theory as well as the physics of quantum many-body systems. In this

chapter we will introduce some new entropies naturally arisen from the simulation process.

5.1.2 Outline

In section 5.2 we study the framework of quantum channel simulation via quantum coherence,
discussing the simulation via MIO in details. We first show that the minimum error of coher-
ence simulation and the one-shot coherence simulation cost under MIO can be both efficiently
calculated via semidefinite programs. Second, we prove that the one-shot zero-error coherence
simulation cost is additive. Notably the zero-error coherence simulation cost is exactly equal
to the maximal coherence generated from the channel, i.e., the cohering power of the channel.
This leads to a conjecture that the coherence simulation cost of a channel is equal to its co-
herence generating capacity — an analogous result of the quantum reverse Shannon theorem.
Finally, we introduce a channel’s version of the max-relative entropy and builds its connection
with the coherence simulation cost.

In section 5.3 we study the general framework of quantum channel simulation via an-
other quantum channel, that is, the ability of a quantum channel to simulate another one using

different classes of codes. First, we show that the minimum error of simulation and the one-
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5.2. CHANNEL SIMULATION VIA QUANTUM COHERENCE

shot quantum simulation cost under non-signalling assisted codes are efficiently computable
via semidefinite programming. Second, we introduce the channel’s smooth max-information,
which can be seen as a one-shot generalization of the mutual information of a quantum chan-
nel. We provide an exact operational interpretation of the channel’s smooth max-information
as the one-shot quantum simulation cost. We further introduce the channel’s log-robustness
and elaborate its relation with the channel’s max-information. Third, we derive the asymptotic
equipartition property (AEP) of the channel’s smooth max-information, i.e., it converges to
the quantum mutual information of the channel in the independent and identically distributed
asymptotic limit. This implies the quantum reverse Shannon theorem in the presence of non-
signalling correlations. As applications, we explore finite blocklength simulation cost of fun-

damental quantum channels and provide both numerical and analytical solutions.

5.2 Channel simulation via quantum coherence

5.2.1 General framework

In this section we consider simulating a quantum channel via quantum coherence. The general
framework is shown as Figure 5.1. For a given quantum channel N'4_, g, our task is to simulate
this channel with maximally coherent states and free operations. In the following, we denote
Uy = (1/k) Zf;:lo i) (4| as the maximally coherent state with dimension k. Then the effective
channel is given by

Nasp(p) =Tapsp(p@ W), VpeS_(A). (5.1

We use the diamond norm distance between the effective channel and the target channel to
characterize the performance of a simulation and introduce the minimum error of coherence

simulation as follows.

Frrre—— .
L H e
- _I

Figure 5.1 : The task of channel simulation via quantum coherence.

Definition 5.1 For a given quantum channel N s_, g, the minimum error of coherence simula-
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tion via Yy, under the operation class € is defined as

1, ~
wq (U, N) = §1nf N = Nlo (5.2a)
st. Nasp (p) =lapsp (p@ W) ,Vp e S-(4), (5.2b)
Hagr—p €. (5.2¢)
where || F|¢ = suppen || F @ idg||1 denotes the diamond norm and || - ||1 is induced by the

trace norm. The free operation class Q € {P10, SI0O, 10, DIO, MIO}.

Definition 5.2 For a given quantum channel N s_, g, the one-shot e-error coherence simula-

tion cost under the operation class ) is defined as
(1)7‘5 . 3
Sp0” (V) :=logmin {k € Ny | wq (Up, N) <e}. (5.3)
The asymptotic coherence simulation cost is defined as

Seo(N) :==lim lim 35&{’5 (W) (5.4)

e—0n—ocon =

5.2.2 One-shot characterizations
Based on above definitions, we will discuss the case for {2 = MIO in details.

Proposition 5.3 For a given quantum channel N'o_, g and maximally coherent state Wy, the

minimum error of coherence simulation under MI1O can be given by the following SDP,

wmio (P, N) = inf ~ (5.52)
st.TrpYap < vly, (5.5b)

Yap 2 Jiy — Jn, Yap > 0, (5.5¢)

T >0, TrpJg = 1a, (5.5)

JN, <k-Jm, (5.5¢)

Jm >0, Trp Iy = 1 4, (5.5)

Tra Jpali)lila € T, Vi (5.59)

Proof From the Choi-Jamiotkowski isomorphism, we have

Nasp (p) =TraJg - ph, (5.6)
Mar-p(p® U) = TrapJu-ph @ Ui =Tra (Trg Ju-1a®@ ) ph. (5.7

Since N5 (p) = ap_p (p® Uy) holds for any state p € S— (A), we have the Choi-

Jamiotkowski operator relation between the effective channel N and the free operation II as
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5.2. CHANNEL SIMULATION VIA QUANTUM COHERENCE

J v = Trr Ji - ‘Ilg From the definition of minimum error of coherence simulation and the

SDP (2.82) for diamond norm, we obtain

wmio (P, N) = inf || Trg YaB|loo (5.82)
st.Yap > Jg— Jy. Yag > 0, (5.8b)

Ji = Trg Ju - Uf (5.8¢)

IMar_p € MIO. (5.8d)

If Jy is an optimal solution of (5.8), then ﬁ Zﬂ UrJnU; is also an optimal solution, where

U are all the permutation operator on the system R. Thus without loss of generality, we can

take Jiy in the form of

1
Jn=Pap@1r+ Qap ® <‘I’k - klR) . (5.9

Since 11 is a CP map, we have
1 1
Jn = <PAB - kQAB) ® (1p — ¥g) + <PAB + <1 - k) QAB) ®@ Wy >0, (5.10)

which is equivalent to Psp — %QAB > 0and Py + (1 — %) Qap > 0. Since I is a TP map,

we have

1
TrpJn =Trg PAp @ 1p +Trp Qap ® (‘I’k - k]lR> = 1ag, (5.1D)

which is equivalent to Trg Qa5 = 0 and Trp Pap = 1 4. Since II € MIO, for any input state

|ij)(ij| AR, we have

1
I (|ig)(ij|ar) = Trar (PAB @1r+Qap® <‘I’k - k]lR)> lij)(ij|ar (5.12)

:TTAPAB|i><i|A el (5.13)

By direct calculation, we also have Jg = Trg Ji - U7 = P + (1 — 1) Q. Eliminating the
variable ) and denoting Jq = Pap, we have the desired result. [ |

From Proposition 5.3, we denote J 7 = k.Jy( and have the following result.

Proposition 5.4 For a given quantum channel N'_, g, the one-shot e-error coherence simula-
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tion cost under MI1O is given by the following SDP,

S0 W) = logmin[Tr J 5 / da] (5.14a)
5.0 < Jg < T, (5.14b)

Trp J = 14, TrBJMv:TrJMV/dA-]lA, (5.14¢)

Tra g ()i @ 1p) € Tn, (5.14d)

TrgYap <cely, (5.14e)

Yap = Jip — Jn, Yap 2 0, (5.141)

where Ly is the set of diagonal Hermitian operators.

Remark 5.5 It is easy to check that § = log[z] — logz € [0,1] for any x > 1. Thus we
can use the least constant § € [0, 1] to adjust the r.h.s. of Eq. (5.14) to be the logarithm of an

integer. That is,

S0 W) =6 +logminTr J i / da (5.152)
5.0 < Jg < T (5.15b)

Trp Ty = 1a, TrpJg = Tedg /da-la, (5.15¢)

Tra g (16)(il ® 15) € Zn, (5.15d)

TrpYap <cely, (5.15e)

Yap = Jip — Jn:Yap 2 0, (5.151)

where ¢ € [0, 1] is the least constant such that the r.h.s. is the logarithm of an integer.

Besides the above SDP characterization, we have the following simpler refinement for the

ZETro-€I1ror case.

Proposition 5.6 For a given quantum channel N s_, g, the one-shot zero-error coherence sim-

ulation cost under M10O is given by
SRt (V) = max Conas (A (1)31)) + 6, (5.16)

where Cryax (p) := mingez Dimax (pllo), Z={p > 0] Trp=1,A(p) = p}, and 6 € [0,1]

is the least constant such that the r.h.s. is the logarithm of an integer.

Proof We prove this result via SDP duality. From Proposition 5.4, we take ¢ = 0 and obtain

80



5.2. CHANNEL SIMULATION VIA QUANTUM COHERENCE

the following SDP,

5o (V) =6 +logminTr J 7 / da (5.17a)
SL0< Iy < Je, (5.17b)
Trp Jig = TrJg/da - 1a, (5.17¢)
Tra J i i)(i| © 15 € Ty, (5.17d)

Its dual SDP is given by
S () = 6 + logmax Tr Jy X (5.18a)

da—1

stX=Y®olp+y " liilez, (5.18b)
Y =1, A(Y) =Y, A(Z) =0, (5.18¢)
X >0,Y, Z; Hermitian. (5.18d)

For convenience, we denote 7 = max; Ciax (N (]7)(i])). According to the dual SDP of Ciyax

presented later in Eq. (5.31), r can also be given by an SDP,

r = log max max Tr Jy|i)(i| ® P, (5.19a)
StLP=1p5+Qs AQ:) =0, (5.19b)
P; > 0, Q; Hermitian. (5.19¢)

Suppose the optimal solution of SDP (5.19) is given by {P;,, Qi,}. Let X = i) (io| @ Py,
Y = |ig)(io| and Z; = 6;, - Qiy- We can verify that {X,Y, Z;} is a feasible solution of
SDP (5.18) which implies

5(5711\)/1’?0 (N) =0 > Tr Jylio) (io| @ Py = - (5.20)

On the other hand, suppose the optimal solution of SDP (5.18) is given by {X,Y, Z;}. If
y; = TrY'|i)(i| = 0, we have Z; > 0. This implies Z; = 0 due to A (Z;) = 0. Without loss of

generality, we suppose y; > 0 for any ¢. Then we have the optimal value

da—1
TrvX = Y Trdyli)i| @ (yilp + Zi) (5.21)
=0
da—1 7
= >y Trdyli)i| © <1B - y) (5.22)
i=0 !
N Z;
< max Tr Juy|i) (i| ® <]lB + y-) . (5.23)
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. . . . Z; Z;
Suppose the maximum is taken at ¢ = 7y. Let P;, = 1p + y—o and Q;, = —°. We know that
0 0

Yi
{P;,, Qi, } is a feasible solution to SDP (5.19). Thus

Z;
r > Tr Jylio)(io| © (113 + P) > S0 V) = 0. (5.24)

20

|
Due to the additivity (Lemma 5.8) and the quasi-convexity of max-relative entropy of co-

herence [BSF"17], we have the following asymptotic result.

Theorem 5.7 The asymptotic zero-error coherence simulation cost under MI1O is given by

SS,MIO (N) = nlin;o %S(E,ll\)/i?o (V) (5.25)
=max Crax (N (]2)(i])) (5.26)
= max Cmax N (p)) . (5.27)

Proposition 5.6 and Theorem 5.7 are interesting since they present that the coherence we need
to simulate a channel is given by the maximum coherence that can be generated from this
channel—the cohering power of the channel [BCP14, MK15]. These results are similar to the
quantum reverse Shannon theory as we will discuss in the next section. It is of great interest
to make a conjecture for the general case that the asymptotic coherence simulation cost of a

channel is equal to its coherence generating capacity introduce in [DDMW17].

Lemma 5.8 The max-relative entropy of coherence is additive, i.e.,
Cmax (pl X ,02) = Cmax (,01) + Cmax (,02) . (528)
Proof Due to the additivity of max-relative entropy, it is easy to verify that

Cmax (pl & ﬂ2) < Cmax (pl) + C'max (ﬂ2) . (529)

We prove the other direction via SDP. The max-relative entropy of coherence can be given by
the following SDP',

Primal: Chax (p) =logmin {TrV [ p<V, V=A(V), V >0}, (5.30)
Dual: Chx (p) =logmax {TrpX [0< X <1+4Y, A(Y)=0}. (5.31)

Suppose the optimal solutions for p; and ps in the dual SDP is given by { X1, Y1 } and { X2, Yo},
respectively. Then we can verify that {X; ® X5,1; ® Yo + Y] ® 12 + Y] ® Y5} is a feasible
solution for p; ® po. Thus

Cax (p1 ® p2) > log Tr (p1 @ p2) (X1 ® X2) > Crax (p1) + Cmax (p2) - (5.32)

This concludes the proof. [ |

! Tt is clear that the condition X < 1 + Y in the dual SDP could be replaced with equality.

82



5.2. CHANNEL SIMULATION VIA QUANTUM COHERENCE

5.2.3 The channel’s max-relative entropy

The max-relative entropy between two quantum states has been extensively used in the quan-
tum information theory. Here we introduce a channel’s version of this entropy and use it to

characterize the one-shot coherence channel simulation cost.

Definition 5.9 For any two quantum channels N'4_,g and M 4_, g with corresponding Choi-

Jamiotkowski matrix Jnr and Jaq, we define the channel’s max-relative entropy as
Diax (N|M) := Dax (Jn || Im) - (5.33)
The smoothed channel’s max-relative is defined as

Dic WIM) == inf  Dyax (N[ M). (5.34)
3IN=-No<e
NECPTP(A:B)
From SDP (5.5), we know that J g corresponds to a CPTP map N according to the Choi-
Jamiotkowski isomorphism. Then we have

]_ ~
wmio (¥, N) = §in [N = Nle (5.35)

st. Jg < k- Ju, N € CPTP, M € MIO.

Together with the definition of the coherence simulation cost, we can characterize this cost via

the smoothed channel’s max-relative entropy.

Proposition 5.10 For a given quantum channel N s_, g, the one-shot e-error coherence simu-

lation cost under MI1O can be given by

Senito (V) = min _ Di, (WIIM) +3, (5.36)

where 6 € [0, 1] is the least constant such that the r.h.s. is the logarithm of an integer.

This result also gives the distance characterization of the one-shot coherence simulation cost

as shown in Figure 5.2.

From the optimization (5.35), we can see that a quantum channel N a_, g can be written as Har— 5 ((-) ® ¥y)
with IT in MIO if and only if there exists a channel M in MIO such that Jxr < kJ g
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Figure 5.2 : Distance characterization of one-shot coherence simulation cost under MIO.

The Proposition 5.10 gives the characterization in the one-shot scenario. From the perspec-
tive of information theory, we may wonder what it converges to asymptotically. Inspired by the
main result in Ref. [BP10], we provide a conjecture for this as follows.

Define the channel distance with respect to the quantum relative entropy as

D (N|M) := max D) (NawsB (paar) IMasp (9aar)) (5.37)

where ¢ 44/ is a purification of p4. Then for any quantum channel, we denote its relative

entropy distance to the set of MIO as

Ko (N) := min "D (N|M), (5.38)
and its regularization form
1
0 [ - Xn
Kiiio W) = lim. Ko (wver). (5.39)

Conjecture 5.11 For any quantum channel N, its asymptotic coherence simulation cost under
MIO is given by

SC,MIO (N) - KI(\>/[OIO (N) . (540)

5.3 Channel simulation via quantum channels

In this section, we focus on quantum channel simulation via other quantum channels. The
central quantity we introduce is the channel’s smooth max-information.

5.3.1 General framework and codes

Let us first formally introduce the task of channel simulation and some notations. A quantum

channel (quantum operation) N4, _, g, is a completely positive (CP) and trace-preserving (TP)
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5.3. CHANNEL SIMULATION VIA QUANTUM CHANNELS

linear map from operators on a finite-dimensional Hilbert space A, to operators on a finite-
dimensional Hilbert space B;. As shown in Figure 5.3, Alice and Bob share a quantum channel
N4, ;. By adding encoding and decoding scheme, they can use the channel AV to simulate
another channel M. Composing with the encoder and decoder, their effective channel is given
by N A—B, = Ha,B,—A, BNA,— B,» Where I is a bipartite quantum operation that general-
izes the usual encoding scheme £ and decoding scheme D. Note that the bipartite quantum
operation II here is required to be B to A non-signalling, which makes the composition of II
and N feasible [CDP08, DW16]. We say such II is an Q-assisted code if it can be imple-
mented by local operations with (2-assistance. In the following, we eliminate 2 for the case of
unassisted codes. We write €2 = NS and 2 = PPT for NS-assisted and PPT-assisted codes,
respectively. These codes have also been applied to other basic tasks of quantum information
processing (see e.g., [LM15a, APE03, WFD17, Rai01, FWTD17]). In particular:

e anunassisted code reduces to the product of encoder and decoder, Il = Dp, .5 Ea,—54,;

e a NS-assisted code corresponds to a bipartite quantum operation which is non-signalling

from Alice to Bob and vice-versa;

e a PPT-assisted code corresponds to a bipartite operation whose Choi-Jamiotkowski op-

erator is positive under partial transpose over systems B; B,,.

Figure 5.3 : The task of quantum channel simulation via another quantum channel. The sub-
script ¢ stands for “input” while o stands for “output”.

Definition 5.12 For any two quantum channels N' and M, the minimum error of simulation
from N to M under Q-assisted codes is defined as

1.
wo (N, M) = il_lIIégHHON—MHQ, (5.41)

where || - || is the diamond norm.
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Definition 5.13 The channel simulation rate from N to M under Q-assisted codes is defined

as

S W, M) = T inf {2 | wg (W&, MO™) < e}, (5.42)

e—0

where the infimum is taken over ratios ;- withn,m € N.

In this framework of channel simulation, the classical capacity C' (A) and the quantum capacity
Q (N) of the channel N\ are given by

C(N) = S(N,id2) " and Q(N) = S (W, idy) ", (5.43)

where ids is the one-bit noiseless channel and ids is the one-qubit noiseless channel.
If we consider simulating the given channel A/ via a m-dimensional noiseless quantum
channel id,,, then the one-shot e-error quantum simulation cost under {2-assisted codes is de-

fined as
Sy) (N) == log min {m € N | wg (idp, N) < £} (5.44)
The asymptotic quantum simulation cost is given by

So (M) = lim Tim ~5) (V). (5.45)

e—=>0n—oc0o N

5.3.2 Channel simulation via noisy quantum channels

We show that the minimum error of simulation under NS-assisted (and PPT-assisted) codes can
be given by SDPs. The one-shot e-error quantum simulation cost under NS-assisted codes can

also be given by an SDP.

Lemma 5.14 ([LM15a, DW16)]) Let Ji1 and Jas denote the Choi-Jamiotkowski operators of
the quantum channel N and code 11, respectively. Then the Choi-Jamiotkowski operator of the

effective channel /\7&-—>Bo =1I4,B,—4,B, © NAU—>Bi is given by
Ji = Tra,s, (J ®1a,8,) Ju. (5.46)

Combining with the SDP (2.82) for diamond norm and the constraints of the code II, we

have the following result.

Proposition 5.15 For any two quantum channels N and M with the corresponding Choi-

Jamiotkowski matrices Jnr and Jpq, the minimum error of simulation from N' to M under
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5.3. CHANNEL SIMULATION VIA QUANTUM CHANNELS

NS-assisted codes wns (N, M) is given by the following SDP,

min vy (5.47a)
st.Trp, Yap, <71, (5.47b)
Yas, > T — Iats Yais, > 0, (5.47¢)

Ji = Tra,z, (J{r ® 14,8,) Ju, (5.47d)
Jn>0, Trap, Jn=14p,  (CPTP) (5.47¢)
Tra, Ji = ‘]Z‘;‘ ©Tran Ju,  (AAB) (5.470
Trg, Ju = ]ﬁ_; ©Trpp, Ju.  (BAA). (5.479)

Tg,
To obtain wxsnppt (N, M), we only need to add the PPT constraint JHBZBO > 0, where T'g, g,

denotes the partial transpose over systems B; B,

The constraints in Eq. (5.47e) represent the CP and TP conditions of the bipartite operation
II. The constraints in Egs. (5.47f) and (5.47g) represent the non-signalling conditions that A

cannot signal to B and B cannot signal to A, respectively.

Corollary 5.16 The minimum error to simulate a quantum channel N from a noiseless quan-

tum channel id,,, under NS-assisted codes wys (idy,, N) is given by the following SDP,

min y (5.48a)
s.t. Trp, Ya,B, < vla4,, (5.48b)
YaB, 2 g —JIn: YaB, 20, (5.48¢)

Ty >0, Trp, Jg =14, (5.48d)

Jig <14, ®Va,, TrVp, =m?. (5.48¢)

To obtain wxsnppt (idim, N), we only need to add the PPT constraint
14, ®@VE < mJ;‘\C[B <14, ®@VE. (5.49)

Proof The Choi-Jamiotkowski operator of the operation id,, is given by

m—1

T =Y i) {jjla,5,, (5.50)
2,7=0

which is the unnormalized maximally entangled state. The main idea is to exploit the symmetry
of .J,,, and simplify the SDP (5.47).

87



Note that J,, is invariant under any local unitary Uy, QU B, If jn is optimal for SDP (5.47),
we can verify that (UAO & UBZ-) jn (U A, @ U]_c;i)T is also optimal. Any convex combination

of optimal solutions remains optimal. Thus, without loss of generality we can take

Ji = /dU (Ua, ®Ug,) Ju (Ua, ® Ug,)' (5.51)
Im Im

=" ® Ca,p, + (11—) ® DB, (5.52)
m m

where the integral is taken over the Haar measure and C, D are operators on system A;B,.
Combining Eq. (5.51) and SDP (5.47), we know that Eq. (5.47d) is equivalent to J = mC.
Eq. (5.47e) is equivalentto C' > 0, D > 0 and Trp, (C + (m2 — 1) D) = mly,. Since J is
the Choi-Jamiotkowski matrix of the effective channel, we have Trp, J V= Trp, mC = 1y,
and Trp, mD = 1 4,. This implies that Eq. (5.47g) is trivial and Eq. (5.47f) is equivalent to C'+
(m? —1) D = ({4 @ Tra, (C + (m? — 1) D) . Denote Vis, = 4 Tra, (C + (m? — 1) D).
We have J vt (m2 — 1) mD = 14, ® Vp,. Eliminating variable D, we have the desired SDP.
|

From the definition of SI(\%S)@ (NV') and SDP (5.48), we have the following SDP for the one-

shot quantum simulation cost.

Proposition 5.17 For any quantum channel Na,_, g, and error tolerance ¢ > 0, the one-shot

e-error quantum simulation cost under NS-assisted codes is given by the following SDP,

Sl(\lls)ﬁ (N) = log min {\/Tri‘/]go—‘ (5.53a)
st.Trp, Yap, <ela, (5.53b)

Ya,B, > Iy — JIn, YaB, >0, (5.53¢)

Jg >0, Trp, Jg = 1a, (5.53d)

Jg <14, @ Vs, (5.53¢)

Remark 5.18 With the same reasoning as Remark 5.5, we can also write Eq. (5.53) as

Ste. (N) =0+ %log min Tr Vs, (5.54a)
st.Trp, Yap, <ela, (5.54b)

Yas, 2 Iy —JIn: YaB, 20, (5.54¢)

T >0, Trg, Jg = La,, (5.54d)

T <14, @ Vg, (5.54¢)

where ¢ € [0, 1] is the least constant such that the r.h.s. is the logarithm of an integer.
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5.3. CHANNEL SIMULATION VIA QUANTUM CHANNELS

Note that the one-shot quantum simulation cost under NSNPPT-assisted codes is not an SDP,
since the objective function m appears in the conditions Tr Vp, = m? and —14, ® Vgo <
mJj:\C/B <1y ® Vgo with different powers. We do not see a way to obtain a linear objective
function.

It is also worth mentioning that the zero-error quantum simulation cost was studied by
Duan and Winter in [DW16]. The authors show that the zero-error NS-assisted simulation cost
is given by the conditional min-entropy of the channel’s Choi-Jamiotkowski matrix [DW16,
Theorem 2]. We can recover their result by setting ¢ = 0 in SDP (5.53). This will lead to
Ya,B, = 0 and thus JA7 = Jns. Then we have

1
S\ (V) = 5 logmin { Tr Vi, | Jy < T, ® Vi, } +0. (5.55)

The right hand side is the conditional min-entropy of .J5r which is additive (cf. [Tom12]). Then
we can obtain that

1 1
Snso (V) = lim ~S{d o (N®") = - logmin { Tt Vs, | Jyv < 14, ® Vg, }.  (5.56)

n—oo n, 2

5.3.3 The channel’s max-information and the channel’s robustness

In this section, we introduce a novel entropy called the channel’s smooth max-information
and show that it has an operational interpretation regarding the quantum simulation cost of a
channel. We further introduce the channel’s robustness and illustrate its connection with the

channel’s max-information.

The channel’s max-information

Recall that the max-relative entropy of p € S< (A) with respect to o > 0 is defined as [Dat09b,
Ren05]

Duax (pllo) =loginf{t >0|p <t-o}. (5.57)

The max-information that we will use in the following discussion (same as 2 [ ax introduced
in Eq. (2.53)) is defined as
Tnax (A B)p = inf  Dpyax (paBllpa®op). (5.58)

ocB€ES=(B)

Definition 5.19 For any quantum channel N 4, the channel’s max-information of N is
defined as

T (A2 By o= T (A B)yr (@) (5.59)

where ® 4 o/ is the maximally entangled state on AA’.
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The following argument shows that for any full rank input state p 4» with a purification ¢ 4 4, it
holds that

Lnax (A B)yr = Inax (A2 B) 7, (5.60)

ENACIVON
From the definitions (5.57), (5.58) and (5.59), we have
Lax (At B) = loginf{ t>0 ‘ Narsp (®an) <t-®4@op, op € S (B)} . (5.61)

Since we have

Naop (daa) = |Al-Nap <\/¢7A‘I>AA’ \/dTA) (5.62)
= |A| - VoaNw 5 (Paa) /oa, (5.63)

then the first condition in (5.61) is equivalent to Na/ g (paa/) < t- d4 ® op and it implies
Eq. (5.60).
From Eqgs. (5.55) and (5.61), we can write the one-shot zero-error quantum simulation cost

as the channel’s max-information,
(1) 1 .
SNS.0 (N) = §Imax (A:B)y+0. (5.64)
In the following, we show this relation beyond the zero-error case.

Definition 5.20 For any quantum channel N o/_, g, the channel’s smooth max-information is
defined as

3
Imax

(A:B)y = _inf Inax (A B) 7, (5.65)
ANl <e o
Ne CPTP(A’:B)

where CPTP (A’ : B) denotes the set of all the CPTP maps from A’ to B.

We show that the one-shot e-error quantum simulation cost is exactly given by the channel’s

smooth max-information. This provides the operational meaning of this new measure.

Theorem 5.21 For any quantum channel N s, g and error tolerance £ > 0, it holds that

Se. (V) = o (A:B)y 45, (5.66)

- 9 max

where § € [0, 1] is the least constant such that the r.h.s. is the logarithm of an integer.

Proof Note that the constraints J v = 0, TrgJ v = 14 in Eq. (5.54d) uniquely define a
CPTP map N according to the Choi-Jamiotkowski isomorphism. Applying the SDP (2.82) of
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5.3. CHANNEL SIMULATION VIA QUANTUM CHANNELS

the diamond norm, we find

Sl(\lls),s (N)=6+ %log min Tr Vg (5.67a)
s.L. %Hﬁ —No <e, (5.67b)

N € CPTP (A': B), (5.67¢)

Jg <1a®Vp. (5.67d)

From Egs. (5.55) and (5.64), we know that
Inax (A B) = logmin {Tr Vp | Jy < 14 ® Vp}. (5.68)

Combining SDPs (5.67) and (5.68), we obtain the desired result. [ |
In the setting of the entanglement-assisted one-shot capacity of quantum channels, Matthews
and Wehner gave a converse bound in terms of the channel’s hypothesis testing relative en-
tropy [MW 14]. Moreover, it was recently shown that the activated NS-assisted one-shot capac-
ity is exactly given by the channel’s hypothesis testing relative entropy [WFT17] — generalizing
the corresponding classical results [PPV 10, Mat12]. This suggests that the operational min- and
max-type one-shot analogs of the channel’s mutual information are the channel’s hypothesis

testing relative entropy and the channel’s smooth max-information, respectively.

Remark 5.22 From this result, we can operationally verify that the data-processing inequality
holds for the channel’s smooth max-information, i.e., I5 ., (Ao : Bo)7ronor < Ihax (A1 1 B1) s
holds for any CPTP maps N Al By F Al -, and TB,—B,- This follows from the fact that we
need less resources to simulate a quantum channel with higher noise. Or we can directly prove

it in the following proposition.

The channel’s robustness and log-robustness

We introduce the log-robustness of a quantum channel and explain its relation with channel’s
max-information. As the name suggests, the robustness quantifies the minimal mixing required
to make the given resource useless. In terms of quantum channels, a natural class of useless
channels is the constant channel, i.e., it sends any input state to a fixed state. Denote the class

of constant channels as
G:={N€eCPTP(A:B) |JostN(p)=0,Vp}. (5.69)

Definition 5.23 The robustness of a quantum channel N : L (A) — L (B) is defined as

NHMEQ}.

5.70
1+t (>:70)

Ry (N) :zinf{tZO’ﬂMGCPTP(A:B) s.t.
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Definition 5.24 The log-robustness of a quantum channel N : L (A) — L (B) is defined as
LRy (N) :=log(l+Ry(WN)). (5.71)

Then its corresponding smoothed version is defined as

LRG(N):= _inf LRy(N). (5.72)
s IN=N¢o<e
N€eCPTP(A:B)

Robustness has a very nice geometric interpretation as shown in Figure 5.4. For any given
quantum channel N, we need to find another channel M such that a convex combination of
them F = (N 4+ tM) /(1 +¢) is a constant channel. We hope to minimize the weight of M

in this combination, i.e., to make F as close as possible to the channel V.

Figure 5.4 : Geometric interpretation of the channel’s robustness defined in Eq. (5.70).

The following result shows the relations between the max-information, log-robustness and

max-relative entropy of a quantum channel.
Proposition 5.25 For any quantum channel N, it holds

I (A B)y = min Dy (V|F) = LRG (N). (5.73)

Proof We only need to show the case when ¢ = 0 and the general result follows by our
unifying way of channel smoothing. The first equality follows by the noticing that the Choi-
Jamiotkowski operator of every constant channel F (p4) = op is given by 14 ® 0. As for the
second equality, note that Nf%{\" € G if and only if there exists F € G such that N + tM =
(1+t) F. Suppose F (pa) = op forany pg € S— (A). Then N +tM = (1 + t) F holds for
certain M € CPTP (A : B) if and only if Jyr < (1 +¢) 14 ® op. Then the second equality
holds by definitions. u

Together with the previous result Sl(\lls) _(NV) =1LI5, (A: B),+, weknow that the quan-

tum simulation cost can be characterized by the minimum “distance” to the class of constant

channels, and it also provides an operational interpretation for the channel’s log-robustness.
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5.3.4 Asymptotic equipartition property and quantum reverse Shannon theorem

In the following, we prove the asymptotic equipartition property (AEP) of the channel’s smooth
max-information and explore its close relation to the quantum reverse Shannon theorem. In the
framework of quantum channel simulation, the quantum capacity is given by the optimal rate
of using N\ to simulate the qubit noiseless channel idg, while the channel simulation cost is
given by the optimal rate of using ids to simulate the channel N. Thus, it operationally holds

that
QrN) <QnsN) <Sng(N) <Sg(N), (5.74)

where the above four notations represent entanglement-assisted quantum capacity, NS-assisted
quantum capacity, NS-assisted quantum simulation cost and entanglement-assisted quantum
simulation cost, respectively. The QRST [BDH ' 14, BCR11] shows that the quantum simu-
lation cost is equal to its quantum capacity under entanglement-assistance, i.e., Qg (N) =
SE (N). The QRST under NS-assistance means that Qns (N) = Sng (N).

The AEP of the channel’s smooth max-information is the claim that

1
lim lim —I¢
e—~»>0n—ocon max

(A:B)yan =1(A:B),, (5.75)

where I (A: B)y = max,,cs_(a)! (A: B) Ny  is the mutual information of the

—B (¢AA’
quantum channel, ¢ 4 4/ is a purification of p4 and

I(A:B),= Ungf(B) D (paBllpa®op) (5.76)

is the mutual information of a quantum state. Based on the operational interpretation of the
channel’s max-information (cf. Theorem 5.21) and the known result Q (N) = 31 (A : B),,
[BSSTO2], we have

AEP (5.75) <= Qg (N) = Sns (V). (5.77)

Thus, the QRST implies the AEP for the channel’s smooth max-information. We now directly
prove the AEP in Theorem 5.26. This proof then also implies the QRST in the presence of
non-signalling correlations.

In the following, we will utilize various smooth entropies. Recall that the smooth max-

information of a quantum state is defined as

Irenax (A : B)p = %glsr/l) Imax (A : B)ﬁ (578)
We also employ the following variation
Lnax (A B) 3= 1m0 L (A2 B)y, (5.79)
pA=paA
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which has the relation [ABJT18]
IE,. (A B), < I8 (A B),+g(e) withg(e) =0 (log(1/e)). (5.80)

Theorem 5.26 For any quantum channel N'y:_, g we have the AEP for the channel’s smooth
max-information:

1
lim lim —12, (A: B)yen =I(A: B),. (5.81)

max
e—=0n—oon

Proof The proof strategy is as follows. We first use the post-selection technique to show
that the channel’s smooth max-information is upper bounded by the quantity in Eq. (5.79). By
Eq. (5.80) we can then use the properties of the smooth max-information developed in [BCR11]
to show one direction of the proof. The other direction can be proved via the continuity of the
mutual information of quantum states.

Consider n uses of the channel NV and let w}, , ,, be the purification of the de Finetti state
wh = [0%% d(0aa) with pure states 044 = |o)(0|44 and d(-) the measure on the
normalized pure states induced by the Haar measure. Furthermore we can assume without loss

)\A|2—1

of generality that |R| < (n+ 1 . Note that w'}, is a full rank state. We have the following

inequality chain

n
“RaA!

IL . (A B)yen = min Imax (RA : B) 7,
e = S o (A B

NTECPTP(A™:B™)
S o ein Lnax (RA: B) g y»  (5.83)
%”(Ni—/\f‘@")(ngA,)nggl (whaar)
N™eCPTP(A™:B™)

< min Inax (RA: B) 7,
j\v/'n( )z52N®n( n a N (

Whaal “Raal
N™ECPTP(A™:B™)

) (5.82)

o) (5.84)
RAA'

where €1 = e (n + 1)7(“4/'271), €2 = €1. In the first equality, we choose wf, ,,, as the
input state of the channel’s max-information. In the first inequality, we use the post-selection
technique (cf. [BCR11, Prop. D.4]). This relaxes the diamond norm to the trace norm. In the

second inequality, we replace the trace norm with the purified distance since %Hp — o1 <

P(p,0).
From Lemma 5.28 below, we know that for any pure state ¢ 4 4/, the following two sets are

the same,
{/\777, (W%AA/) %52 N®n (W%AA/) ‘ K/‘n & CPTP (Aln : Bn)}

= {ohap = N (Whan) | ke =wia}.  (5389)
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Combining Egs. (5.84) and (5.85), we have

Irgnax (A : B)N®n < frilzax (RA : B)N‘X’"(szA,) . (586)
From Eq. (5.80), denote e3 = €5/6, we have
Fone (A B)ygon < It (RA: By ) +0(e2). (5.87)

Then we can use some known properties of the smooth max-information from [CBR14, BCR11],

which leads to

L (RA 2 B) jron(n )
< Lo (B + BA) yron(yn )+ f(e,64) (5.88)
< ok (B A)N®n(wZA/) +2log |R| + f (e4,€4) (5.89)
= Lax (B : 4)

ey + 2log | Bl + £ (e4, 5.90
N®n<zielpi(0f4A/)® ) og| ‘ f(€4 64) ( )

< Lr}axlfrfax (B: A)N®n((ng/)®n> +log |I| + 21og |R| + f (£4,€4) (5.91)
AA!

< gri‘zz),( LA (B: A)N@’”(afz,) +log|I| +2log |R| + f (g4,€4), (5.92)

where e4 = £3/2, f (¢,¢€') := log (ﬁ + 1%6,) and |I| = (n+ 1)2|AHA’\—2‘ In the sec-

ond line, we swap the system order according to [CBR14, Corollary 5]. In the third line, we

get rid of purification system R according to [BCR11, Lemma B.12]. In the fourth line, we

express the integral ' ,, = [ aﬁz,d (0 447) into convex combination of finite number of oper-

ators according to [BCR11, Corollary D.6]. In the fifth line, we use the quasi-convexity of the

smooth max-information [BCR11, Lemma B.21]. In the last line, we relax the maximization
to all pure states 0 4 4/.

Combining Egs. (5.87), (5.92) and the AEP for the smooth max-information from [BCR11,
Lemma B.24], we get

1
lim lim —I¢
e—=0n—oon max

T
(A: B)yen <maxlim lim —I5L (B : A)N®n(0%,) =I1(A:B)y.

Oppr E0n—00 N

(5.93)

On the other hand, suppose the optimal solution of I (A : B) , is taken at p 4/ with a pu-
rification ¢ 4 4. Since we can always find a full rank state that is arbitrarily close to p 4/, thus
it gives the mutual information arbitrarily close to / (A : B),, due to the continuity. In the

following, we can assume that p 4/ is of full rank without loss of generality and have the chain
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of inequalities

Lax (A2 B) yen

_ min min D (/\7”, @n ®"®a”) (5.94)
LR AEn < opes=(Ben) o AT (6%4h) l63" ® o

Nme CPTP(A'™:B™)

> min min D (/\72, 5 (6%7) ||o8m ®a}§> (5.95)
LN —N® | <e oBES=(B®M) - ( AA) A
N'™e CPTP(A™™:B™)

= ' I1(A:B)w n 5.96
i N A R 300 (399
N"€ CPTP(A"™:B™)

> I(A: B)yen (¢5m)) ~ (8nelog |A| + 2ha (2¢)) (5.97)

Al—B\7TAA!
=nl(A:B)y,, (s, — (8nelog|A| +2hs (22)) (5.98)
=nl (A: B), — (8nelog |A] 4 2hs (2¢)), (5.99)

where hs (-) is the binary entropy. In the third line, we use the fact that max-relative entropy is
never smaller than the relative entropy [Dat09b]. The fourth line follows from the definition of
the mutual information of a quantum state. The fifth line follows from the continuity of quan-
tum mutual information in Lemma 5.29. The sixth line follows from the additivity of quantum
mutual information. The last line follows from the assumption that ¢ 4 4/ is the optimizer of
I(A: B),,. Finally, we have

1
lim lim —I¢
e—»0n—oon max

Combining Eqgs. (5.93) and (5.100), we conclude the claim. [ |

(A:B)yon > T(A: B), . (5.100)

Remark 5.27 Since the channel simulation cost has already been proved to be a strong con-

verse rate [BDH " 14], the AEP result should hold in a more general form:

lim 15, (A: B)yen = I(A: B),. (5.101)

n—,oo N, max

But the continuity approach, specifically Eq. (5.99), in the above proof of Theorem 5.26 does

not work well to obtain this more general result.

Lemma 5.28 For any pure state ¢ 4 a: and quantum state p op such that 4 = pa, the follow-

ing two sets are the same,
{NA/ﬁB (Ppaar) =° paB ‘N e CPTP (A/ : B)} = {UAB ~° paB ’ oA = ,0,4}. (5.102)

Proof Denote the L.h.s. and r.h.s. as S; and Ss respectively. Itis clear that S; C S5 and we now

show the other direction. For any quantum state c4p € S, denote G4 = 021/ 25 A Bagl/ 2,
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5.3. CHANNEL SIMULATION VIA QUANTUM CHANNELS

Then, we have 745 > 0 and 54 = 1 4. From the Choi-Jamiotkowski isomorphism, we know
that there exists a CPTP map ANy such that 745 = N, (P aa/), where ® 44/ denotes

the un-normalized maximally entangled state. Thus, we get 04 = Na/_sp (02/ P A A/ail/ 2) .

Denoting 44 = 0114/ 2p A A/allq/ 2, we have that ¢ 4 4+ is a purification of o4 and since o4 =
pA = ¢ we get that ¢4 4/ is also a purification of 4. Due to Uhlmann’s theorem [Uhl76],
there exists a unitary U on the system A’ such that Y44 = U (pan/) WithU (-) = U - UT.

Hence, we find o4 = N oU (¢pa4/) € S1. This completes the proof. [ |

Lemma 5.29 For any quantum states pap and o ap such that py = o 4 and %HP —ol1 <e
it holds that

[[(A:B),—I(A:B),| < 8log|A|+2hy(2), (5.103)
where hy () is the binary entropy.

Proof Since I (A: B),= H (A),— H (A|B),, we have

p

I(A:B),~1(A:B),|=|H(A|B), — H(AB),| < 8log|A| +2hy (2¢), (5.104)

where H (A) and H (A|B) are von Neumann entropy and conditional entropy respectively.
The second inequality follows from the Alicki-Fannes inequality [AF04].
|

5.3.5 Examples

In this section, we apply our results to some basic and important channels. For classical chan-
nels, the one-shot e-error quantum simulation cost can be given by a linear program as shown
in Eq. (5.105). Using the symmetry of the quantum depolarizing channel, we can also simplify
its n-shot simulation cost as a linear program. Moreover, the zero-error simulation cost of some

fundamental channels can be analytically solved.

Example 1. For any classical channel N (y|z), its simulation cost is given by a linear program,

S8 (W) = log min Wﬁw (5.105a)
st Yay > N (ylz) — N (ylz), Yay > 0,V 2, y, (5.105b)

N (ylz) >0,V z,y, Zy/\?(ym =1,Vz, (5.105¢)

N (ylz) < VY, y, Zy Y,, <& V. (5.105d)
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Example 2. The quantum depolarizing channel is given by N (p) = (1 —p)p + p - = with
dimension d. Its Choi matrix Jy commutes with any local unitary U ® U and Jj‘?}” is invariant
under any permutation of the tensor factors. Exploiting these symmetries, we can simplify the
SDP (5.53) for N®" to a linear program (5.108). The results of a numerical implementation
are shown in Figure 5.5. We can see that as the number of channel uses n increases, the average
quantum simulation cost will approach its entanglement-assisted quantum capacity [BSST99],
i.e., half of the quantum mutual information of the channel.

For the quantum depolarizing channel N (p) = (1 —p)p +p - %, its Choi-Jamiotkowski
matrix is given by Jy = ¢1®q + q2®; where ¢ = d(1—p) + b, ¢o = b and @ is the

maximally entangled state with dimension d, oLt =1-% 4- Then we have
n
Te =Y P (20, @f)  with p=afas 7", (5.106)
k=0

and P}’ (CI>d, @j) denotes the summation of n-fold tensor products of ®; and @j with exactly
k-fold of ®4. For example, P} (94, ®7) = ¢7 0P @ Pg+ P P10 PF + P40 05 @ Py

Due to the symmetries of Jf\;}”, we can take the optimal solution in SDP (5.53) as

Tgn =3 1P} (@d, @di) L Y=Y yBp (cpd, q)j) Cand V=sl. (5107
k=0 k=0

Finally we have the LP as follows,

Stg. (Vo) = logmin [V -] (5.108a)
Sy — 7%+ pr > 0,95 > 0,0 < 7y < 5,k (5.108b)

f: <”> <1>k <d— l)n_k -1 (5.108¢)
- k‘ d d T = 1, . C

n n 1 k 1 n—=k
> <k> <d> <d — d) yr < €. (5.1084d)
=0

k
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5.3. CHANNEL SIMULATION VIA QUANTUM CHANNELS
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Figure 5.5 : Exact value by the linear program (5.108) of the average simulation cost for three
different error tolerances ¢ € {5x107%,5x 1073, 5x 1072} and the qubit depolarizing channel
with failure probability p = 0.15. The lowest line marks the entanglement-assisted quantum
capacity of the channel (roughly 0.657 qubits per channel use).

Recall that the primal and dual SDPs of the zero-error simulation cost are given by [DW16]
1

Primal: Sygo(N) = 5 logmin {Tr Vg | Jy <14 @V}, (5.109)
1

Dual: Snso(N) = 3 logmax {Tr Iy Xap | Tra Xap <1p,Xap >0}. (5.110)

We study some fundamental channels and show their analytical solutions by explicitly con-
structing feasible solutions in both primal and dual problems, respectively. Using the weak

duality, we can argue that the feasible solutions we construct are optimal.

Example 3. The quantum depolarizing channel is N (p) = (1 —p)p+p - % with dimension
d. Taking

d—1

Vo= (d(L—p)+2)1p, and Xap= Y fii)(jjl (5.111)
i,j=0

in the primal and dual problems respectively, we can verify that they are feasible solutions.

Thus, we have

1 1
51og (*(1—p)+p) = ElogTrJNXAB (5.112)
< Snso (V) (5.113)
< %logTr Vi (5.114)

1
:510g (*(1—p)+p). (5.115)



‘We find that

1
Sxns.o (N) = 5 log (*(1—p)+p). (5.116)

Example 4. The amplitude damping channel is N (p) = Z}:o EZ-pEiT with Ey = [0)0] +

VI =711}, By = \/7|0)1] and 0 < 7 < 1. The optimal solutions are given by
Ve = (L+vVI—=7)]0)(0] + (VI—7+1—7r)[1)(] (5.117)
Xap = (J00) +[11)) ((00] + (11]). (5.118)
We find that
Snso V) = %log 21+vV1i-r)-r). (5.119)

Example 5. The dephasing channel is N (p) = (1 — p) p + pZpZ with Z = |0)(0] — [1)(1].

The optimal solutions are given by
Ve=(2p—1/+1)1p and Xup = (]00)+ |11)) ((00] + (11]). (5.120)
We find that

1
Sns,o (V) = 51og(|4p— 2| +2). (5.121)

Example 6. The quantum erasure channel is N (p) = (1 — p) p + ple)(e| with |e) orthogonal

to the input Hilbert space. The optimal solutions are given by

d—1
Vg =d(1—p) Z |4) (i| + p|d)(d], (5.122)
i,7=0
d—1 1 d—
Xap =Y _ li)(jj| + gz (i| @ |d)(d (5.123)
7.7 0 :O
We find that
1
Snso (W) = 5 log (@ (1-p) +p). (5.124)
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5.4. DISCUSSION

5.4 Discussion

5.4.1 Summary of results

1. The zero-error coherence simulation cost under MIO is given by
(1),0 _
Sentio V) = max Cmax (W (p)) + 9,

SS,MIO WN) = rnazx Crax (N (),

pE

where § € [0, 1] is the least constant such that the r.h.s. is the logarithm of an

integer.

2. We have introduced the channel’s max-relative entropy and shown that the one-

shot e-error coherence simulation cost under MIO can be given by

SRito (W) =  min_ Dia (NIM) +3,

where 0 € [0, 1] is the least constant such that the r.h.s. is the logarithm of an

integer.

3. We have introduced the channel’s max-information, the channel’s log-robustness

and shown that the one-shot e-error quantum simulation cost is given by

1 1 1
Si3e V) = 5T (A2 By +6 = 5 LR (M) +8 = 5 min Do WM) +3,

where § € [0, 1] is the least constant such that the last three terms are the loga-

rithm of an integer.

4. The AEP for the channel’s smooth max-information holds

1
lim lim —I¢
e—>0n—oco N max

(A:B)pyon =1(A:B)y,.

5. The AEP for the channel’s smooth max-information implies the quantum reverse

Shannon theorem under non-signalling assistance.

5.4.2 Outlook

The first part of this chapter has studied the minimal amount of coherent resources required

to implement a given quantum channel. It shows that the coherence simulation cost can be
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succinctly expressed by its minimum “distance” to the set of MIO operations, while the dis-
tance measure is characterized by the channel’s max-relative entropy. However, we do not
know if this “distance” type of characterization holds for other sets of free operations. Like
any resource theory framework, another interesting question is to ask whether the maximal
coherence generated from a channel is equal to the coherence consumed to implement this
channel. Specifically, it asks whether a channel’s coherence-generating capacity is equal to its
coherence simulation cost. At this moment we only know that the reversibility holds for any
classical-quantum channels, while the general result is still open.

In the second part of this chapter we have studied NS-assisted channel simulation via
quantum noiseless channels and proved that it asymptotically converges to the entanglement-
assisted capacity. Since the latter allows a single-letter characterization, it is natural to consider
a second-order refinement thereof. A second-order expansion of an achievable rate was estab-
lished in [DTW16] but no matching second-order converse bound is known. Our one-shot

NS-assisted quantum simulation cost may provide some insights in this direction.
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Appendix A

Distance characterization of resource theory

In this chapter we summarize some other distance characterizations appeared in different re-
source theory. We will see that the distillation and dilution processes are closely related with
the hypothesis testing relative entropy and the max-relative entropy respectively while their

asymptotics are characterized by the relative entropy distance.

Entanglement theory

The relative entropy of entanglement is given by [VPRK97, VP98]:

Eisep (paB) = D (paBlloaB) - (A.1)

min
o€SEP(A:B)

The PPT-relative entropy of entanglement is given by [Rai99a]:

Evppr (paB) = Uel;lngi&:B)D (paBlloas) - (A2)

The Rains bound is given by [RaiO1, ADVWO02]:

R(pap)= min D(paglloar). (A3)
ocPPT'(A:B)

These are bounds for LOCC and PPT-assisted distillable entanglement, i.e.,

Eprocc (paB) < Epprer (paB) < R(par) < Ewppr (paB) < Ersep (pAB) - (A.4)

The one-shot distillable entanglement under separable-preserving operations is bounded by
[BDI11]

s Pt | <Eh% < min Dj . (A5
LGSIEIS&:B) # (paBlloas) | < D, EPP(pAB)_UGSgg&:B) % (paBlloas) . (A.S)

The one-shot entanglement cost under separable-preserving operations is bounded by [BD11]

min  D; < BV < min DS +1.
sESEP(A:B) max (PaBlloas) < D,SEPP(pAB>_0€SEP(A:B) max (PAB|loAB)

(A.6)



Coherence theory

The asymptotic distillable coherence [WY 16, RFWA 18] and coherence cost [ZLY ™18, Chil8]
under MIO and DIO are given by

Ca,p1o (p) = Capmo (p) = Ceanto (p) = Ce,pro (p) = G (p) :=min D (pllo). (A7)
The one-shot coherence cost under MIO is bounded by
min DYZ, (pllo) < Connio (p) < min DYZ, (pllo) + 1. (A8)
o€l ocl
The one-shot coherence cost under DIO is bounded by

min DYZ, (pllo) < Cepio (p) < min DY, (pllo) +1, (A.9)

max max
oc€A, oc€A,

where A, := {1} (1+t)A(p)—p) |t >0, (1+t)A(p) —p >0} and A, is the closure.

Channel capacity

There are two sets of useless operations in terms of channel capacity. The set of constant

channels:
G ={MecCPTP(A:B) |FoeS=(B) st. M(p)=0,VpeS=(A)}, (A.10)
and the set of constant-bounded subchannels:
V:={MecCP(A:B):Jo0e€S-(B) st. M(p) <o,VpeS-(A4)}. (A.11)

Definition A.1 For any relative divergence D (-|

-), define its corresponding channel’s diver-

gence as
D (N|M) = max D WNasB (pan) [[Marp (¢aar)), (A.12)
Al
where ¢ 4 4/ is a purification of p Ar.

This is a natural generalization of divergence between two CP maps. If the relative entropy
between two quantum states characterizes some kind of distance between these two states,

then the definition above is the worst-case distance between two quantum channels.

Some known distance characterizations are given by:
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e One-shot NS-assisted activated classical capacity of quantum channels [WFT17]:
O (M) = R(N.2) := min D (VM) A13)
’ €

where R (N, ¢) is the Matthews-Wehner converse bound [MW 14]. This is also a con-

verse bound for entanglement-assisted classical capacity and it it asymptotically tight,

lim lim ~ min Dy (N |M™) = ﬁiE%D(NHM) =I(A:B)y=Cg(N).

e—=0n—o00 N M"egG

e T-information converse bound on one-shot unassisted classical capacity of quantum
channels [WFT17]:

(1),e : €
CYWE(N) < min D3 (N|IM). (A.14)

e Y-information converse bound on Holevo capacity and classical capacity [WFT17]:

Y(N) S T) = min DIVIM), CN) < T W). (A.15)
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Appendix B
Algorithm for the Rains bound

We provide an algorithm to numerically calculate the Rains bound with high accuracy. In
particular, the calculation of upper and lower bounds for the Rains bound have near-machine
precision while the final result of Rains bound itself is within error tolerance 10~ by default.
This algorithm closely follows the approach in [ZFG10, GZFG15] which intends to calculate
the PPT-relative entropy of entanglement.

Note that the only difference between the Rains bound and the PPT-relative entropy of
entanglement is the feasible set. Due to the similarity between these two quantities, we can
have a similar algorithm for the Rains bound. For the sake of completeness, we will restate
the main idea of this algorithm and clarify that our adjustment will work to calculate the Rains
bound. In the following discussion, we will consider the natural logarithm for convenience.

The key idea for this algorithm is based on the cutting-plane method combined with semidef-
inite programming. Clearly, calculating the Rains bound is equivalent to the optimization prob-
lem

min (—Trplno), with PPT' = {5 >0 | o2 < 1}. (B.1)
oE€PPT/

If we relax the minimization over all quantum states, the optimal solution is taken at ¢ =
p. Thus — Tr pIn p provides a trivial lower bound on (B.1). Since the objective function is
convex with respect to o over the Rains set, its epigraph is supported by tangent hyperplanes at
every interior point ¢(¥) € int PPT’. Thus we can construct a successively refined sequence of
approximations to the epigraph of the objective function restricted to the interior of the Rains
set.

Specifically, for an arbitrary positive definite operator X, we have a spectral decomposition
X = Uxdiag (\x) U;f( with unitary matrix Uy and diagonal matrix diag (Ax) formed by the

eigenvalues A x. Then we have the first-order expansion

(X +A)=InX + Uy (D (Ax) o U;AUX) Ul +0 (1A%, (B.2)



where o denotes the Hadamard product and D () is the Hermitian matrix given by

In \;—In \;
. Ja >‘Z 7&)\]7

D ()‘)i,j = )\il_)\j (B.3)

For any given set of feasible points {a(i) },fio C int PPT’, we have spectral decompositions
o) = Uy diag (A1) U(TZ.). Then epi (— Tr pIn o) |; pprv is a subset of all (o, ¢) € int PPT' xR
satisfying

7 i T i 1 -
—Trp<ln0( ) + Ug) (D()\( )) o U(i) (0 — ol ))U(i)>U(i)> <t,i=0,---,N. B.4)
Equivalently, we can introduce slack variables s; on the L.h.s of Eq. (B.4) and have

TTEYs4+t—s;=—Trplno® + Tt EWe® s, >0,i=0,---,N, (B.5)

where F() = Ut (D (AN oU (Ti)pU(i)) U(Ti). So the optimal value of optimization problem

min ¢ (B.6a)
stTTEYo+t—s;=—Trplnoe® + TTEWe® i =0,.-- N, (B.6b)
$i>0,i=0,---,N, (B.6¢)

o € PPT (B.6d)

provides a lower bound on (B.1). For any feasible point c* € PPT’, — Tr pln o* provides an
upper bound on (B.1). For each iteration of the algorithm, we add a interior point oV +1) of the
Rains set to the set {o?) }i]\io’ which may lead to a tighter lower bound and update the feasible

N+1) provides a tighter upper bound. We use the variables R and R to store the

point o* if o
upper and lower bounds. Since R and R are nondecreasing and nonincreasing, respectively, at
each iteration, we can terminate the algorithm when R and R are close enough, say, less than

given tolerance €. The full algorithm is presented in Algorithm 1.
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Algorithm 1 Rains bound algorithm
1: Input: bipartite state p € S— (AB) and dimensions of subsystem d 4, dp

2: Output: Upper bound R, lower bound R
3: if p € PPT’ then
4: return R =R =0

5: else

6: initialize ¢ = 1076, N =0, o* = o0 = }AA& ,R=—-Trplnp,R=—Trplno*
7: while R — R > ¢ do

8: solve SDP (B.6) with additional constraint ¢ > R.

9: store optimal solution (¢, o) and update lower bound R = ¢
10 if gap between upper and lower bounds is within given tolerance, R — R < ¢ then
11: return R, R
12: else
13: add one more point oVt and set N = N + 1
14: if —Trplne®) < —Trplno* then
15: update feasible point c* = V), and upper bound R = — Tr pIn o*

Note that for the condition ¢ € PPT’ (¢ > 0,||¢"2||, < 1), Lemma B.1 ensures that it

can be expressed as semidefinite conditions.

Lemma B.1 o € PPT' if and only if o > 0 and there exist operators o+, o_ > 0 such that

o =0, —0_andTr (o +0_) < 1.

Proof If o € PPT/, then o > 0. Use the spectral decomposition ¢’8 = ¢, — o_, where

oy and o_ are positive operator with orthogonal support. Then ‘O'TB | = o4 + o_ and
Tr (o4 4+0-) = ||o”#]|, < 1. On the other hand, if there exist positive operators oy and
o_ such that 0% = oy —o_ and Tr (o4 +0_) < 1, then ||o”?|, = [log —o_|1 <
lloxlli + [[o=|[1 = Tr (04 + 0—) < 1. Thus o € PPT. [ ]

For given {a(i) }Z.]io, the step 8 in Algorithm 1 is an SDP which can be explicitly given by

min ¢ (B.7a)
StTrEWDg 4t — s = — Trplncr(i) + TrE(i)a(i),z' =0,---,N, (B.7b)
t>R, 5 >0i=0-,N, (B.7¢)
0,00,0_.>0,0 =0, —0_, Tr(op +0_) <1 (B.7d)

As for step 13, variable ¢(N*1) can be given by

eVt — argmin {— Trplno : 0 =aZ+ (1 —a)o,a € [0,1]}, (B.8)
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where Z is some fixed reference point. This one-dimensional minimization can be efficiently
performed using the standard derivative-based bisection scheme [ZFG10].

Using this algorithm, we can check that the Rains bound is not additive, which has been
recently proved in [WDI17b]. We also consider the states p, in [WD17b]. Denote R; the
lower bound calculated by our algorithm for R (p,) and Ry the upper bound calculated by our
algorithm for R ( p?z). In Figure B.1, we can clearly observe that there is a strict gap between
Ry and 2R, which implies R (pf?Q) < Ry < 2R, < 2R(p,). Since the lower and upper
bounds derived from our algorithm only depend on the SDP in Eq. (B.7) and Eq. (B.8), both of
which can be solved to a very high (near-machine) precision, while the maximal gap in the plot
is approximately 10~2. Thus our algorithm provides a direct numerical evidence (not involving

any other entanglement measures) for the nonadditivity of the Rains bound.
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Figure B.1 : This figure shows the difference between the lower bound 2R, on 2R (p,.) and the
upper bound Ry on R (p;‘?z). The solid line depicts 27, while the dashed line depicts Ry. The
state p, is the same defined as in Ref. [WD17b]

Remark B.2 It is worth mentioning that there is another approach recently developed to ef-
ficiently calculate the Rains bound in [FF18, FSP18]. In these works, the authors make use
of rational (Padé) approximations of the (matrix) logarithm function and then transform the
rational functions to SDPs. Without the successive refinement, their algorithm can be much
faster with relatively high accuracy. However, our algorithm is efficient enough in the case of

low dimensions. We can obtain almost the same result as Figure B.1 via both methods.
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