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Quantum Channel Simulation and the Channel’s
Smooth Max-Information

Kun Fang™, Xin Wang™, Marco Tomamichel

Abstract— We study the general framework of quantum chan-
nel simulation, that is, the ability of a quantum channel to
simulate another one using different classes of codes. First,
we show that the minimum error of simulation and the one-shot
quantum simulation cost under no-signalling assisted codes are
given by semidefinite programs. Second, we introduce the chan-
nel’s smooth max-information, which can be seen as a one-shot
generalization of the mutual information of a quantum channel.
We provide an exact operational interpretation of the channel’s
smooth max-information as the one-shot quantum simulation cost
under no-signalling assisted codes, which significantly simplifies
the study of channel simulation and provides insights and
bounds for the case under entanglement-assisted codes. Third,
we derive the asymptotic equipartition property of the channel’s
smooth max-information; i.e., it converges to the quantum mutual
information of the channel in the independent and identically
distributed asymptotic limit. This implies the quantum reverse
Shannon theorem in the presence of no-signalling correlations.
Finally, we explore the simulation cost of various quantum
channels.

Index Terms—Quantum channel simulation, quantum
channel coding, no-signalling, max-information, semidefinite
programming.

I. INTRODUCTION

HANNEL simulation is a fundamental problem in infor-

mation theory. It asks how to use a (noisy) channel from
Alice (A) to Bob (B) to simulate another (noisy) channel also
from A to B [1], [2]. Depending on the different resources
available between A and B, this simulation problem has many
variants.
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For classical channels, Shannon’s noisy channel coding
theorem determines the capability of noisy classical channels
to simulate noiseless ones [3]. Dual to this famous coding
theorem, the ‘reverse Shannon theorem’ concerns the use of
noiseless channels to simulate noisy ones [2]. Specifically,
every channel can be simulated using an amount of classical
communication equal to the capacity of the channel when
there is free shared randomness between A and B in the
asymptotic setting [2]. For quantum channels, the case when
A and B share an unlimited amount of entanglement has been
completely solved by the quantum reverse Shannon theorem
(QRST) [4], [5], which states that the rate to optimally simu-
late a quantum channel in the asymptotic setting is determined
by its entanglement-assisted classical capacity. In the zero-
error scenario [6], using one channel to simulate another
exactly with the aid of no-signalling correlations has been
studied recently in [7]-[9], while the simulation with free
quantum operations that completely preserve positivity of the
partial transpose has been studied in [10]. The problem of
quantum channel simulations via other quantum resources has
also been investigated in [11], [12].

In realistic settings, the number of channel uses is neces-
sarily limited, and it is not easy to perform encoding and
decoding circuits coherently over a large number of qubits in
the near future. Therefore, it is important to characterize how
well we can simulate a quantum channel from another with
finite resources. The first step in this direction is to consider the
one-shot setting. One-shot analysis has recently attracted great
interest in classical information theory (see, e.g., [13], [14])
and quantum information theory (see, e.g., [15]-[23]). In one-
shot information theory, the smooth max-information of a
quantum state [5] and its generalizations [24] are all basic and
useful quantities, which have various applications in quantum
rate distortion theory as well as the physics of quantum many-
body systems.

In this work, we focus on quantum channel simulation in
both the one-shot and asymptotic regimes. The central quan-
tity we introduce is the channel’s smooth max-information.
Our results can be summarized as follows. In Section II,
we introduce the task of channel simulation and its related
quantities. In Section III, we develop a framework for quantum
channel simulation assisted with different codes in the one-
shot regime, where one has access only to a single use of the
quantum channel. In particular, we characterize the minimum
error of channel simulation under the so-called no-signalling
(NS) codes [7], [8], which allow the encoder and decoder
to share non-local quantum correlations. Such codes are
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Fig. 1. General framework of quantum channel simulation.

no-signalling from the sender to the receiver and vice versa,
representing the ultimate limit of quantum codes obey-
ing quantum mechanics and providing converse bounds for
entanglement-assisted codes. The cost of approximately sim-
ulating a channel via noiseless quantum channels under
NS-assisted codes can be characterized as an semidefinite
program (SDP) [25]. In Section IV, we introduce the chan-
nel’s smooth max-information, which can be seen as a one-
shot generalization of the mutual information of a quantum
channel. Notably, this newly introduced entropy has the exact
operational interpretation as the one-shot quantum simulation
cost under NS-assisted codes. Then we prove its asymptotic
equipartition property which directly implies the quantum
reverse Shannon theorem in the presence of no-signalling
correlations.

In the setting of the entanglement-assisted one-shot capacity
of quantum channels, Matthews and Wehner gave a converse
bound in terms of the channel’s hypothesis testing relative
entropy [18]. Moreover, a subset of us recently showed that
the activated NS-assisted one-shot capacity is exactly given
by the channel’s hypothesis testing relative entropy [26] —
generalizing the corresponding classical results [13], [27].
This suggests that the operational min- and max-type one-
shot analogues of the channel’s mutual information are the
channel’s hypothesis testing relative entropy and the channel’s
smooth max-information, respectively.

In Section V, as applications, we evaluate the cost of sim-
ulating fundamental quantum channels with finite resources.
In particular, we derive a linear program to evaluate the finite
blocklength simulation cost of quantum depolarizing channels.

II. CHANNEL SIMULATION AND CODES

Let us now formally introduce the task of channel simu-
lation and some basic notations. A quantum channel (quan-
tum operation) N4 p is a completely positive (CP) and
trace-preserving (TP) linear map from operators acting on a
finite-dimensional Hilbert space H4 to operators acting on
a finite-dimensional Hilbert space Hp. For any CPTP map
Na_ g, we will frequently use its Choi-Jamiotkowski matrix,
which is defined as Jy = Y140 1) (il ® Nasp(li)(j])
where {|i)} are orthonormal basis in H 4.

The general framework of quantum channel simulation is
shown in Fig. 1. Here is how the simulation works. First, Alice
performs some pre-processing via an encoder £ on the input
system A; and outputs a quantum system A,. Then she sends
the output system to the shared quantum channel Ny, p;.
At Bob’s side, he receives a quantum system B; from the
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channel and performs his post-precessing via a decoder D.
Finally, Bob outputs a quantum system B,. The whole process
can be considered as a quantum channel from Alice’s input
A; to Bob’s output B,, which we denote as M4, p,. The aim
of simulation is to choose the best coding scheme to make
the effective channel M4, _, g, as similar as to the given target
channel M. If we remove the channel A/ from Fig. 1, we are
left with a map with two inputs A;, B; and two outputs A,, B,.
We denote this map as II, which generalizes the usual encod-
ing scheme £ and decoding scheme D. Then the effective
channel can be written as M4, ., = I14,B,—4,B, ONA(,»B,'-
Note that II is also known as a bipartite quantum supermap
in some literatures [28]—[30] since it maps a quantum channel
to another quantum channel.

In particular, a bipartite quantum supermap Il 4,5, — 4,8, 15
A to B no-signalling if A cannot send classical information
to B by using II. That is, for any quantum states pi 4;,
p2.4; and linear operator op,, we have Tra, [1(p1 4, ® 0p,) =
Tra, II(p2,4; ® op;), which is equivalent to the semidefinite
condition [8] Tra, J1 = 14,/|Ail ® Tra,a, Jn with Jp
being the Choi-Jamiotkowski matrix of II. Similarly, B to A
no-signalling can be characterized by Trp, Jr = 1p,/|Bi| ®
Trp;p, Ju. Note that the bipartite quantum supermap II in
this work is required at least to be B to A no-signalling,
which ensures the composition of IT and N leads to another
quantum channel [8], [28]. It is also worth mentioning that
there is an isomorphism from bipartite quantum supermaps
to bipartite quantum operations, and that the corresponding
bipartite quantum operation is required to be no-signalling.

In the task of channel simulation, we say II is an Q-
assisted code if it can be implemented by local operations
with Q-assistance. In the following, we eliminate Q for the
case of unassisted codes. We write Q = NS and Q = PPT for
NS-assisted and positive-partial-transpose-preserving-assisted
(PPT-assisted) codes, respectively [31], [32]. In particular,

« an unassisted code reduces to the product of encoder and
decoder, i.e., Il = Dp,—B,E4;— A,

o a NS-assisted code corresponds to a bipartite quantum
supermap which is no-signalling from Alice to Bob and
vice-versa;

o a PPT-assisted code corresponds to a bipartite quantum
supermap whose Choi-Jamiotkowski matrix is positive
under partial transpose over systems B; B,,.

For any two quantum channels ' and M, the minimum

error of simulation from AN to M under Q-assisted codes is
defined as

1.
waW, M) = 5 ok I oN = Mllo, 1)

where || Flle = supgen supx, <1 I(F ® idg)(X)[[1 denotes
the diamond norm and || X|; := Tr~/X¥X denotes the
Schatten 1-norm. The channel simulation rate from A to M
under Q-assisted codes is defined as

SaN, M) := lim inf{ﬁ \ 0N, MO < g}, )
e—0 m

where the infimum is taken over ratios % with n,m € N.

In this framework of channel simulation, the classical capacity
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C (V) and the quantum capacity Q(N) of the channel A/ are
respectively given by

CWN) =S(N,idy) " and QW) =S, idn)™!,  (3)

where i?iz is the one-bit noiseless channel and id, is the
one-qubit noiseless channel.

If we consider simulating the given channel N via an
m-dimensional noiseless quantum channel id,,, then the
one-shot e-error quantum simulation cost under Q-assisted
codes is defined as

Sg,)g(j\/') :=loginf {m € N | wa(idn,N) <&}, (4

where the logarithms in this work are taken in the base
two. The asymptotic quantum simulation cost is given by the
regularization

]
SaW) = lim lim_ ;sg;ww). (5)

III. CHANNEL SIMULATION VIA NOISY
QUANTUM CHANNELS

Based on the definitions in the above section, we show
that the minimum error of simulation under NS-assisted (and
PPT-assisted) codes can be given by SDPs. The one-shot
g-error quantum simulation cost under NS-assisted codes can
also be given by an SDP. These SDPs can be easily imple-
mented for small blocklength and they also lay the foundation
of analysis in the following sections.

Proposition 1 For any two quantum channels N and M
with corresponding Choi-Jamiotkowski matrices Jnr and J g,
the minimum error of simulation from N to M under
NS-assisted codes wns(N, M) is given by the following SDP,

inf y (6a)
s.t. Trp, Ya;B, < y1a;, (6b)
Yaig, =2 Jii— Ims YaB, 20, (6¢)
v =Tra,5(Ji ®14,8,)Jm, (6d)
Jun >0, Tra,p, Ju = 14,8, (CP, TP) (6e)
Tra, Ju = 14, /|Ail ® Tra,a; Ju, (A A B)  (6f)
Trp, Ju = 1p,/|Bi| ® Trp,g, Ju. (B A A) (6g)

To obtain onsnppr(N, M), we only need to add the PPT

. B: B .
constraint J' ° > 0, where Tg;B, denotes the partial
transpose over systems B;B,.

Proof: Note that for any two quantum channels N7, N3
from A to B, the diamond norm of their difference can be
expressed as an SDP of the following form [33]:

1 .
5||N1—Nz||<>=mf{ y | TrpY <yla,
Y=Jn—JIny Y20}, (D)

where Jys, and Jy;, are the corresponding Choi-Jamiotkowski
matrices. We denote the Choi-Jamiotkowski matrix of code
IT as Jpg. From Lemma 13 in the Appendix, we know
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that the Choi-Jamiotkowski matrix of the effective channel
M =TloN is given by

Tt = Tra,5,(Jir ® 1a;8,)Jn1. (3)

Together with the constraints of the code II, we have the
resulting SDP (6). The constraints in Eq. (6e) represent the
CP and TP conditions of the bipartite supermap II. The con-
straints in Eqs. (6f) and (6g) represent the no-signalling
conditions that A cannot signal to B and B cannot signal to A,
respectively. [ ]

Corollary 2 The minimum error to simulate a quantum chan-
nel N via a noiseless quantum channel under NS-assisted
codes wns(idy,, N) is given by the following SDP,

inf (9a)
st. TrpYap < y1la, (9b)
Yap > Jig — Jn, Yap >0, (9¢)
Jig =0, Trp Jir =14, (9d)
Jg <14®Vp, TtV =m?, (%e)

To obtain wnsnppr(idy, N), we only need to add the PPT
constraint —1 4 ® VBT < mJ/%B <1Is® Vlg.

Proof: Denote the Choi-Jamiolkowski matrix of id,, as
Jn = 30 1ii)jjla,5;- Then JI = J, and the SDP for
the minimum error wys (id,,, ') can be restated as

inf y (10a)
s.t. Trp,Ya,B, <y1la,, (10b)
YaB, > Jir— JIN, Ya,B, =0, (10c)
Jig = Tra,5,(Jm ® 14;8,)J11, (10d)
Jun >0, Tra,p, Ju = 14,8, (CP, TP) (10e)

Tra, Ju = 14,/|Ail ® Tra, 4, Ju,
Trg, Ju = ]lgi/|Bi| ® TrB;BU Ji,

(A4 B) (10f)
B~ A) (10g)

where the dimensions of A, and B; are equal to m.

The main idea to do the simplification is to utilize the
symmetry of the noiseless quantum channel, i.e., the invariance
of J,, under any local unitary Us, ® Ugi. Suppose J1 is
optimal for SDP (10), we can check that (Ua, ®U g,) Jn(Ua, ®
Ulgi)T is also optimal. Any convex combination of optimal
solutions remains optimal. Thus, without loss of generality
we can take [31], [34],

Jo = /dU(UAO ®UB[)J1'[(UAU ®U3i)T (11)
J, J,
=" ®Hpp, +Aap — —)®Ka,sp,, (12)
m m

where the integral is taken over the Haar measure and H, K
are operators on system A; B,.

Note that J, - J, = mJ,. Taking Eq. (11) into the
condition (10d), we obtain that

Condition (10d) <= Jgy =mH. (13)
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Taking Eq. (11) into the condition (10e), we have the equiva-
lence

Condition (10e) < H >0, K >0,

and Trp,(H + (m> — DK) =ml,,.  (14)

Since Jgr is the Choi-Jamiotkowski matrix of the effective
channel, we have Trp, Jg v = Trg,mH = 1g,;. Combining
Trp, (H + (m — 1)K) = ml,,, we have Trpg, mK = 14;.
This implies that the condition (10g) is trivial and

Condition (10f) <= H + (m> — K =

14;/1Ail ® Tra,(H 4 (m* = DK). (15
So far we have the simplified SDP as
inf y (16a)
s.t. Trp,Ya,B, < y1la,, (16b)
YA;BO 2 J_/\~/’ - JN, YA;BO 2 O, (16C)
Jiy =mHa,;s,, (16d)
TrB,, J/\~/':]1A,- (16e)
H>0, K>0, Trg,mK =14, (16f)
H+m* = DK =14,/|Ai|®
Tra, (H + (m* — DK)  (16g)
Denote Vg, = mTra,(H + (m* — 1)K)/|A;|. By condi-
tions (16g), we have
(m* — )mK =14, ® Vg, — mH. (17)

Together with the condition (16d), we can eliminate the
variables K and H in the above SDP. Finally, replacing the
subscript A; to A and B, to B, we have the desired SDP (9).

.. TB; By T,
As for the PPT condition J > 0, we have J,, ' /m ®

HT5 + (1 — Jy" /m) ® KT8 > 0 from Eq. (11). Note that
J,ZB" is the swap operator and we can decompose it into the
sum of two orthogonal positive parts, i.e., J,:Bi =Jy—J-
where J+ > 0,J_- > 0 and Jy + J— = 1. Then the PPT
condition is equivalent to J; ® [H 8 + (m — 1)K 8]+ J_ ®
[—HTBo 4 (m + 1)K 8] > 0. Thus —(m — 1)K 78 < HT8o <
(m + 1)K 8. Combining with Egs. (16d) and (17), we have
—]lA,.®VBT0§mJ£~f"§]lAi®V£). n

From the definition of one-shot quantum simulation cost
and Corollary 2, we have the following result.

Proposition 3 For any quantum channel N' and error toler-
ance ¢ > 0, the one-shot e-error quantum simulation cost
under NS-assisted codes is given by the following SDP,

S{e, () = log inf [\/ﬁ] (18a)
s.t. TrpYap <ely, (18b)

Yap = Ji7 — IN, Yap =0, (18c)

Ji7 =0, Trpg Jgg = 1a, (18d)

Jg <14 ® Vp. (18e)

It is easy to check that § = log[x] — logx € [0, 1] for any
x > 1. Thus we can use the least constant 6 € [0, 1] to
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adjust the r.h.s. of Eq. (18) to be the logarithm of an integer.
That is,

ﬁ}gr(N) =6+
Elog inf TrVp (19a)
s.t. Trp Yap <ely, (19b)
Yap > Jg— JIn, Yap >0,  (19¢)
Jg =0, Trg Jgr =14, (19d)
J7 <1a® Vs. (19e)

Note that the one-shot quantum simulation cost under
NSNPPT-assisted codes is not an SDP, since the objective
function m appears in the conditions Tr Vg = m? and —1 4 ®
Vg < mJ/iT?B <1Is® VBT with different powers. We do not
see a way to obtain a linear objective function.

It is also worth mentioning that the zero-error quantum
simulation cost was studied by Duan and Winter in [8].
The authors show that the zero-error NS-assisted simulation
cost is given by the conditional min-entropy of the channel’s
Choi-Jamiotkowski matrix [8, Theorem 2]. The result we
obtained in Proposition 3 is more general and can reduce to
the zero-error case by letting ¢ = 0. More specifically, taking
¢ = 0 will lead to Y4p = 0 and thus Jiy = Jn- Then we
have

1

ISIS) o) =
where 0 € [0, l] is the least constant such that the r.h.s. is the
logarithm of an integer. Since the conditional min-entropy is
additive (see [15]), we have

log inf{TrVp| Jy <14 ® Vg}+3J, (20)

Snso (V) = lim TS0 (A" 21
1
zilog inf {Tr Vp| J;y <14 ® Vp}. (22)

Remark 1 In the next section, we will see that the zero-
error NS-assisted simulation cost could also be considered to
be the max-information of the channel’s Choi-Jamiotkowski
state based on Egs. (29) and (34).

IV. THE CHANNEL’S MAX-INFORMATION AND ITS
ASYMPTOTIC EQUIPARTITION PROPERTY

In this section, we introduce a novel entropy called the
channel’s smooth max-information and show that it has an
operational interpretation regarding the quantum simulation
cost of a channel. Furthermore, we prove the asymptotic
equipartition property (AEP) of the channel’s smooth max-
information and explore its close relation to the well-known
quantum reverse Shannon theorem (QRST).

Some basic notations will be used in this section. The set
of sub-normalized quantum states is denoted as S<(A) :=
{p>=0] Trp < 1}. The set of quantum states is denoted as
S=(A):={p=>0] Trp =1}. We denote pa as the reduced
state of pap, i.e. ps := Trp pap. The purified distance based
on the generalized fidelity is given by [15]

P(p,0):=\/1—F%(p,o) with (23)
F(p,o) :=llp"?c' |1 + /(1 = Trp)(1 = Tro). (24)
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We say p and o are e-close and write p ~° ¢ if and only if
P(p,0) <e.

A. The Channel’s Max-Information

The max-relative entropy of p € S<(A) with respect to
o > 0 is defined as [35], [36]
inf{tlng'-a},

Dax(pllo) = (25)

which is a one-shot generalization of the equantum relative
entropy

D(pllo) :=Trp(log p —logo) (26)

if supp(p) < supp(c) and oo otherwise. The max-
information that B has about A for pap € S<(AB) is
defined as [5]

inf

27
BES=(B) @7

Imax(A : B), = Dmax(paBllpa ® o),
a
which is a one-shot generalization of the quantum mutual

information

I(A:B),:= inf

28
opeS—(B) ( )

D(pagllpa ® op).
Definition 4 For any quantum channel Ny, g we define the
channel’s max-information of N as

Imax (A : B) N = Imax (A : B)NA/HB(CDAA/)» (29)

where O®y p = \AI Z” —o liaia)(jajarl is the maximally
entangled state on AA'.

Remark 2 The following argument shows that this definition
does not depend on the input state ® 44/. That is, for any full

rank state ¢4 with a purification ¢4 = |A|V/PaDPas v/ Pa,
we have

Inax (A B)N = Inax(A 2 B)N,y_yg0)- (30)
From the definitions (25), (27) and (29), we have
Imax(A : B)yy =inf ¢t s.t.
Narsp(@an) <2'- % ®op, op € S=(B). €)Y
Since
Naop(@an) = 1Al Nuos(Va Panv/¢a)  (32)
= Al Véa N s @aa)Vda,  (33)

the first condition in (31) is equivalent to Na— g(dan) <
2" . ¢4 ® op, which implies Eq. (30).

Remark 3 Note that the sandwiched Rényi version of
the channel’s mutual information was previously defined in
[37], [38]. Our definition of the channel’s max-information is
compatible with the more general one and can be recovered
in the limit of o — oo [29].
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Comparing Egs. (20) and (31), we can write the one-shot
zero-error quantum simulation cost as the channel’s max-
information:

a
SngoW) =

max(A B)n + 9, (34)

where 0 € [0, 1] is the least constant such that the r.h.s. is the
logarithm of an integer. In the following, we show this relation
beyond the zero-error case. For this, we define the smoothed
version of the channel’s max-information.

Definition 5 For any quantum channel N, we define the
channel’s smooth max-information as

(A:B)y = _inf
Foa JIN-Nilo<e
Ne CPTP(A’:B)

B) denotes the set of all CPTP maps

Imax(A : B) 7, (35)

where CPTP(A’ :
from A’ to B.

We show that the one-shot g-error quantum simulation cost
is completely characterized by the channel’s smooth max-
information. This provides the operational meaning of this new
entropy.

Theorem 6 For any quantum channel N' and given error
tolerance ¢ > 0, it holds that

Sxg.. (V) = —I;;aX(A BN+, (36)
where 6 € [0, 1] is the least constant such that the r.h.s. is the

logarithm of an integer.

Proof:  We first notice that the constraints in Eq. (19d)
Jir =0, Trp Jir = 14 uniquely define a CPTP map N due
to the Choi-Jamiotkowski isomorphism. Applying the SDP of
diamond norm in (7), we find

SNe,(N) =6 + ; log inf Tr Vg (37a)
st. 3N =N <&, (37b)
N e CPTP(A': B), (37¢)
Jg <14® Vp. (37d)
From Eqgs. (31), we know that
Imax(A : By =loginf { TrVp | Jy <14 Q@ Vp}. (38)

Combining Eqgs. (37) and (38), we obtain the desired
result. u

Remark 4 Note that an alternative way to write Eq. (36) is

530, 0V) = g [V |
Since I¢

Remark 5 cax(A ¢ B)n is introduced as an
entropy of the channel N, it is natural to consider its data-
precessing inequality, i.e., I5, (A : Blow) =< I (A :
B) s for any quantum superchannel ® [28]. By the opera-
tional meaning above, this is equivalent to SIEIIS) [(OW)) <

IS}S) -(\V) which can be understood as we need less resources
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to simulate a quantum channel with higher noise. Specif-
ically, this relation can be checked by the definition of
quantum channel simulation cost. Suppose the simulation cost
of NV is given by logm. This implies that there exists an
NS-assisted code II such that —||H oidy — Nle < e.
For any quantum superchannel ©®, it can be written [28]
as OW) = RB(,E—>1§ o (NA;»BU ® idg) o ]:A—>A,-E with
pre-processing channel F;_, 4 p and post-processing chan-
nel Ry . Note that the diamond norm is multiplicative
under tensor product, sub-multiplicative under composition
and equals to one for any quantum channels [39]. Then it
holds £ [|©(IT 0 idy) — O\l < 3T oidy — No < &.
This shows that we can use the noiseless channel id,, to
simulate ®(\) under the NS-assisted code ® o IT within

¢ error. By definition, we have Sl(\IIS) L[(OW)) < logm =

SN (V).

Remark 6 Note that the Choi-Jamiotkowski matrix of a con-
stant channel M(p) = o, Vp is given by Joq = 14®op. Thus
from the perspective of quantum resource theory, the channel’s
smooth max-information can be written as the “distance”
between the given channel A/ and the set of constant channels

G:={MeCPTP(A:B) |30 st M(p)=0,Yp}. (39)

More specifically, for any quantum channel A/, we have

Iiax (A B)n = /{Amng D} NM), (40)
where
WN|M):= _inf NIM)  @1)
max 2”/\/ N”<><8 max( )
NeCPTP(A":B)
and  Dpax (V|| M) = Dmax (a7 llJpq)  with  Choi-

Jamiotkowski matrices Jpns, Jaq. Since the max-relative
entropy is closely related with the robustness [40]—the
minimal mixing required to make the given resource useless,
we can also define the channel’s analogy of robustness as
(see also [41])

Re(N) 1= inf{t >0 ‘ 3 M eCPTP(A : B)

N +itM
AR AL } 42
S <9 @)
and its smoothed version
REN):= _inf Ry (N). (43)
¢ LIV =Nlo<e s)

NeCPTP(A’:B)

Then the channel’s smooth max-information can be written as

I (At B)y = log(1 + R; N)). (44)

B. Asymptotic Equipartition Property and the Quantum
Reverse Shannon Theorem

In the framework of quantum channel simulation, the quan-
tum capacity is given by the optimal rate of using A to
simulate the qubit noiseless channel idy, while the channel
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simulation cost is given by the optimal rate of using id to
simulate the channel A. Thus, it operationally holds that

QW) < Ons(WV) < SnsWV) < SEW), (45)

where the above four notations represent entanglement-
assisted quantum capacity, NS-assisted quantum capacity,
NS-assisted quantum simulation cost and entanglement-
assisted quantum simulation cost, respectively. The quantum
reverse Shannon theorem [4], [5] states that the quantum
simulation cost is equal to its quantum capacity under
entanglement-assistance, i.e., Qg(N) = Sg(N). In the
following, the quantum reverse Shannon theorem under
NS-assistance means that Ons(N) = Sns (V).
The AEP of the channel’s smooth max-information is the
claim that
lim lim lImaX(A :B)yen = I1(A: B,

e—>0n—oon

(46)
where

I(A: B)n = I(A:B 47

( N , max ( Ny pban)  G7)
is the mutual information of the quantum channel and ¢4 4/
is a purification of the state p4. Based on the operational
interpretation in Theorem 6, the definition of asymptotic
simulation cost in Eq. (5) and the known result that Qg(N) =

%I(A : B)n [2], we have
AEP (46) <= Qg(N) = Sns(N). (48)

Hence the QRST implies the AEP for the channel’s smooth
max-information. On the other hand, we can directly prove
the AEP, as is done in Theorem 8. This proof then implies the
QRST in the presence of NS correlations.

In the following, we utilize the smooth max-information of
a quantum state and its variation:

(A:B), = 1r1f Imax (A : B)j, (49)

max

(A:B), = mf Imax (A : B)j.

PA PA

(50)

max

The first smooth max-information is most often used in the
literature [S5], [24]. The second variation naturally appears
in our discussion of the channel simulation problem. The
restricted smoothing such that the marginal state is fixed comes
from the definition of diamond norm where the reference
system of the input state is untouched. Using ideas from [42],
the following lemma shows that these two quantities are
equivalent up to some correction terms. The proof can be
found in Appendix B

Lemma 7 For any quantum state pap and ¢ € (0, 1), it holds

(A:B), < I¥S(A:B), +g(e), (51)

max

with g(g) = log(1 + 72/¢%).

Theorem 8 For any quantum channel N we have the AEP
for the channel’s smooth max-information:

1
lim hm —Irflax(A :B)yen = I(A: B) .

e—>0n—

(52)
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Proof: The proof strategy is as follows. We first use the
post-selection technique to show that the channel’s smooth
max-information is upper bounded by the quantity in Eq. (50).
By Eq. (51) we can then use the basic properties of the smooth
max-information developed in [5] to show one direction of the
proof. The other direction can be proved via the continuity of
the mutual information of quantum states.

Consider n uses of the channel N and let w} ,, be the
purification of the de Finetti state o, = [oyyd(can)
with pure states o440 = |o)(0|sa and d(-) the measure
on the normalized pure states induced by the Haar measure.
Furthermore we can assume without loss of generality that
IR| < (n + l)'A‘2 ! [43]. Note that o'y, is a full rank state.
We have the following chain of inequalities

IZ . (A2 B)pren
= inf
L Am—nven
N™eCPTP(A™:B")
< inf
% H N p\f@n
N ePerm(A’” :B™)
< inf
L ®”)<wR pik
N7 ePerm(A™: B”)

< _ inf
N”(w’iq é‘zN@l‘l(a}
N™” ePerm(A’” :B")

Imax(RA : B)N”(w;gAA/)

<g
o

(53a)

Imax(RA : B)N’”(w’éAA/

<g
o

) (53b)

Imax(RA : B)N”(wlllaAA’) (53c¢)

Imax(RA : B)Nll(w’;eAA/), (53d)

RAA/

where ¢1 = ¢(n + 1)_(‘*‘/'2_1) and we take &> = ¢1. Note that
the discussion works for any 0 < &3 < ¢1. In (53a), we choose
@44 as the input state of the channel’s max-information
(30). In (53b), we restrict the channel N™ to be permutation
invariant, where Perm(A” : B") := {N" € CPTP(A™ :
B") |z} o N" oy, = N, for all permutation 7"} denotes
the set of all permutation invariant channels. In (53c), we use
post-selection technique (see [5, Prop. D.4]), which relaxes
the diamond norm to the trace norm. In (53d), we replace
the trace norm with the purified distance due to the inequality
lp—ali < P(p, o).

Exploiting the permutation invariance of N'®", we know
that the optimal solution of (53d) can be still taken at a per-
mutation invariant channel even if we relax the set Perm(A™ :
B™) to all CPTP maps, which is then equivalent to optimize
over all quantum states with marginal %, and &2-close to
N®" (4 4)- Specifically, from Lemma 11 in Appendix B,
we know that the optimization in (53d) is equivalent to

inf  Inax(RA : B)gn,
K

TRABE
R ~E2 Xn n n ___n
K = {C’RAB Orap X2 N (Wpan) ORa = wRA}’

which is exactly the definition of Iélzax(RA : B) Nen@h )-
Thus we have

max(A B)N@n < Iélzax(RA N B)N@)L(wf;AA/

From Eq. (51), denote ¢3 = £2/6, we have
I (A B)yen < IS (RA : B)N®n(wIII€AA’) + g(&2).

with (54)

). (55

(56)
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Then we can use some known properties of the smooth max-
information from [5], [24], which leads to

max

Ir3 (RA N B)N®”(w’£AA/)

Iél‘th(B : RA)N‘X’”(LU’;MA,) + f(e4) (57a)

< Inix (B - A)yener ) +210g|R| + [ (e4) (57b)
= Inix (B : A yencs,, o )om

+2log|R| + f(es)  (57¢)

< max Illl:lﬁix (B N A)N@n((UAA/)@)n)
Tan

+log|I| +2log|R| + f(es) (57d)
= maxX Loy (B 2 AN (o002

+log|I| 4 21og|R| + f(e4), (57¢)

where ¢4 = €3/2, f(e) = log(lﬂ/l: + 1= 8) and |I] =
(n+ 1)2‘A”A/|_2. In (57a), we swap the system order according
to [24, Corollary 5]. In (57b), we get rid of purification system
R according to [5, Lemma B.12]. In (57c), we express the inte-
gral o} ,, = J afaz,d (o044’) into convex combination of finite
number of operators according to [5, Corollary D.6]. In (57d),
we use the quasi-convexity of the smooth max-information
[5, Lemma B.21]. In (57¢), we relax the maximization to all
pure states g4’ .

Combining Egs. (56), (57e) and the AEP for the smooth
max-information from [5, Lemma B.24], we get

1
lim lim Imax (A : B)pren

g—>0n—00
5 max [ (A : B)N(,,) = 1(A: B)n- (58)
O'AA/

On the other hand, suppose the optimal solution of 7(A :
B) s is taken at py with a purification ¢44/. Since we can
always find a full rank state that is arbitary close to p4/, thus
it gives the mutual information arbitary close to 7(A : B)n
due to the continuty. In the following, we can assume that p 4
is of full rank without loss of generality and have the chain of
inequalities in (60), as shown at the bottom of the next page,
where h;(-) is the binary entropy. In (60b), we use the fact
that max-relative entropy is never smaller than the relative
entropy [35]. The line (60c) follows from the definition of
the mutual information of a quantum state. The line (60d)
follows from the continuity of quantum mutual information
in Lemma 12 (Appendix B). The line (60e) follows from
the additivity of quantum mutual information. The line (60f)
follows from the assumption that ¢4,/ is the optimizer of
I(A : B) . Finally, we have

1
lim lim —ImaX(A B)nen > I1(A: B)y.

e—>0n—00

(59)

Combining Egs. (58) and (59), we conclude the claim. |

After this work there is an alternative proof of Eq. (58) given
by Gour and Wilde in [29]. Their proof uses the sandwiched
Rényi mutual information and its relation with the max-
information, different from the post-selection technique we use
in this work.
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Fig. 2. Exact value by the linear program (80) of the average simulation

cost for three different error tolerances ¢ € {5 x 1074 ,5 x 10’ 5x 10" 2}
and the qubit depolarizing channel with failure probablllty p = 0.15. The
lowest line marks the entanglement-assisted quantum capacity of the channel
(roughly 0.657 qubits per channel use).

V. EXAMPLES

In this section, we apply our results to some basic channels.

For classical channels, the one-shot g-error quantum simula-
tion cost can be given by a linear program as shown in Eq. (76)
(Appendix A). Using the symmetry of the quantum depolar-
izing channel, we can also simplify its n-shot simulation cost
as a linear program. Moreover, the zero-error simulation cost
of various channels can be solved analytically.
Example 1. The quantum depolarizing channel is given by
Dp(p) = (I — p)p + p - L with dimension d. Its Choi-
Jamlolkowskl matrix Jp, commutes with any local unitary
U® U and Jp ®" is invariant under any permutation of the
tensor factors. vaplomng these symmetries, we can simplify
the SDP (18) for Df?” to a linear program (80) in Appendix A.
Numerical implementation is shown in Fig. 2. We can see
that as the number of channel uses n increases, the average
quantum simulation cost will approach to its entanglement-
assisted quantum capacity [44], i.e., half of the quantum
mutual information of the channel.

Recall that the primal and dual SDPs of the zero-error
simulation cost are given by [8]
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Dual: Sns o(N) = log sup { Tr Iy X ap

Tra Xap <1, Xap >0}.

We study some fundamental channels and show their analyt-
ical solutions by explicitly constructing feasible solutions in
both primal and dual problems, respectively. Using the weak
duality, we can argue that the feasible solutions we construct
are optimal.

Example 2. The quantum depolarizing channel is D,(p) =
A=pp+p-= w1th dimension d. Taking

d—1

V= (d(1 — p)+ )113, and X4p = »_ lii)(jjl. (61)
i,j=0

in the primal and dual problems respectively, we can verify
that they are feasible solutions. Thus, we have

1 1
10g(d2(1 —p)+p) = logTr Jp,XaB

(62)
< SNS,O(Dp) (63)
< %log Tr Vg (64)
= Jloe@(1—p)+p). (69

We find that
Sns0(Dy) = 5o —p)+p). (66)

Example 3. The amplitude damping channel is N, (p) =

Z -0 E,pE with Eg = [0)0|++/1 —r|1X1], E1 = /r|0X1]
and 0 <r < 1. The optimal solutions are given by

={1+v1=00)O0]+ W1 —=r+1=r)1){1] (©67)
and Xap = (]00) 4+ |11))({00] + (11]). (68)

We find that
Sns.oN;) = log(2(1 +1=r)—r). (69)

Example 4. The dephasing channel is Z,(p) = (1 — p)p +
pZpZ with Z = ]0)(0] — |1)(1]. The optimal solutions are
given by

| Vg =(2p—1]+ 1)1 and (70)
Primal: SNS,o(N) = 5 loglnf{Tr Vs ‘ JN <14 ®Vp }, Xag = (100) + |11))({00] + (11]). (71)
A B)pyen = inf inf Dinax (N, , i 60
max( )/\/® %H/\7”71/I\1/®”H<>§c 0§€§2(3® max (. A ~>B(¢AA )”45 Y O'B) (60a)
N"e CPTP(A™:B")
> _ inf inf D(N"/% (@A)l ®og) (60b)
LR N <p opeS-(peny AP Paa) 19" @
N"e CPTP(A™:B")
- inf I(A:B)in (60c)
FINT-N®" o <e N s 050
N"e CPTP(A™:B")
>I(A: B)Nl‘%n L2 (2nelog|A|+ (1 + e)ha(e/(1 4+ ¢))) (60d)
=nl(A:B)N, ¢, — Cnelogl|Al + (14 &)ha(e/(1 +¢))) (60e)
=nl(A: B)y — (2nelog|Al 4+ (1 + e)ha(e/(1 + ¢))) (60f)
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0.8

0.6

0.4r

Channel simulation cost (qubits)

—— Depolaring/Erasure
027 Amplitude Damping
== Dephasing
0 . . . .
0 0.2 0.4 0.6 0.8 1

Channel parameter

Fig. 3. The zero-error NS-assisted channel simulation cost of the qubit
depolarizing channel/qubit erasure channel, qubit amplitude damping channel
and qubit dephasing channel as a function of each channel’s noise parameter.

We find that

1
Sns,0(Zp) = 10g(|4P 2| +2). (72)
Example 5. The quantum erasure channel is £,(p) = (1 —
p)p + ple)(e| with |e) orthogonal to the input Hilbert space.

The optimal solutions are given by

d—1
g=d(1—p) Y li)il+pld)d| and  (73)
i,j=0
Xap = Z lii)(jjl+ = le il@ld)d. (74
i,j=0
We find that
1
Sns,0(Ep) = 3 log(@d*(1 = p) + p). (75)

Finally, we plot the zero-error NS-assisted channel simula-
tion cost of these four channels as a function of their noise
parameters in the following Figure 3. The figure is plotted for
the qubit case, i.e, d = 2. Note that the quantum depolarizing
channel and the quantum erasure channel have exactly the
same rate given by Eqs. (66) and (75).

VI. DISCUSSION

Since the entanglement-assisted capacity allows a single-
letter characterization, it is natural to consider a second-order
refinement thereof. A second-order expansion of an achievable
rate was established in [45] but no matching second-order
converse bound is known. Our one-shot NS-assisted quantum
simulation cost and the channel’s smooth max-information
may provide some insights in this direction.

Suppose a quantum channel A can be used to simulate a
noiseless channel id,,, with dimension m| and on the other
hand it requires a noiseless channel id,,, with dimension m
to simulate itself, then we necessarily have m> > m; by
the definition of simulation. This means that the simulation
cost of a channel operationally provides a converse bound for
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its channel capacity. However this approach does not provide
a tighter bound than the NS-assisted capacity in the one-shot
and asymptotic setting (see, e.g., [19], [27], [31]).

From Eq. (40), the AEP of the channel’s smooth max-
information can be equivalently written as

1

Jim lim - il DL (VEIM!) = inf DVIM),
where G, represents the set of constant channels from A"
to B" and the channel divergence is defined as [38], [46]
DN||M) := max,, DNy - p(Paa)|Ma—p(daa)), with
¢aa a purification of pys. An interesting question is to
consider the channel’s AEP beyond the set of constant chan-
nels G,, such as the singleton {M®"} [47]. Can we obtain
a channel’s generalization of quantum Stein’s lemma [48]?
A partial progress to this problem regarding classical-quantum
channels has been recently given in [49].

APPENDIX A
LINEAR PROGRAMS

For any classical channel NV (y|x), the SDP (18) will nat-
urally reduce to a linear program. Specifically, its one-shot
simulation cost is given by a linear program,

Ss)p(N) log inf %/Z Vy—‘ s.t. (76a)

Yiy > N@lx) — N(x), ¥ xy > 0,Vx,y, (76b)

N@lx)=0,Yx,y, Y N@lx)=1,Yx,  (76c)
y

N(ylx) < Vy, V¥, y, Zy Yoy <&, Vx.  (76d)

For the quantum depolarizing channel D, (p) = (1 — p)p+
p- %, its Choi-Jamiotkowski matrix is given by Jp, = ¢1 P4+
q®F where g1 = d(1 — p)+ 4, g2 = 5 and @y is the
maximally entangled state with dimension d, CIDdl =1—-0,4.
Then we have

n
Jg;’ => P (@q, Op) with pp=qiqgy ", (77
k=0
and P} (Dy, o+ ) denotes the summation of n-fold tensor
products of (I)d and (I)d with exactly k factors of ®,. For
example, P} (Dq, DF) = O @ DI @ Oy + (Dg QD@D +
Oy ® O ® O7. Due to the symmetries of JD;’, we can take
the optimal solution in SDP (18) in form of
n

n
I =Y PP (®q, D7), Y =y P (Dg, D), (78)

k=0 k=0
and V =s1%". (79)
Then we have the LP as follows,
S\Q.(DF") =log inf [Va" 5| st (80w
Ve =1tk +pe =20,y >0,0<rp <s,Vk (30b)
- 1 1
S M)A =1, (80c)
k) d d
k=0
A 1
> ( )(—)k(d - )"y e (80d)
—\k/)"d d
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APPENDIX B
TECHNICAL LEMMAS
Lemma 9 For any quantum state pap and ¢ € (0, 1), it holds
Tix (A B)y < IES(A: B), +g(e), 81)
with g(e) = log(1 + 72/¢?).

Proof: Recall the definitions of the smooth max-information
for quantum states:

I (A B), = lnf lnf Dmax (pasllpa ® o), (82)
PA PA
Irflax(A : B)p = ,51’13‘fp ingf Diax(paBllpa ® o). (83)
In [42] the authors also discuss the variation
max(A B)p = mf mf Drnax (pAB lpa ® oB), (84)

p
where the marginal state in the second term is fixed to be
pA-. It was shown in [42] that for any quantum state pap and
& € (0,1) we have

12 (A:B), < IE3(A:B), +1log(14+72/¢%).  (85)
To show the result as Eq. (81), we only need to prove
max(A B)P = Ir?lg((A : B)P' (86)

Denote 11‘;{3( (A : B), = A and suppose the optimal solution is

taken at p,p and op. Let

1

1 _1
2 - 2

PasPa (87)

11
where V4 is the unitary such that F(pa, p4) = Tr pjﬁjv
By direct calculation, we have

1

1 1
PaB = paVaP, Viri.

1 _1 _1 1
paB = PiVAD A PasPA VAPA (88)
) 1 P
<2 piVaPs,Vips ®os (89)
<2'pa®os, (90)

where P5, is the projector on the support of p 4. Then Eq. (86)
follows as soon as we show pap ~° pap. This is actually
shown in the final steps of the proof for Theorem 2 in [42].
We repeat these steps here for c?mpleteness. Deonte the

purification of pap as |papc) = p'g|(D)A¢BC where |®)4:pc

denotes the non-normalized maximally entangled pure state
1 _1

in the cut A : BC. Then |papc) = psVapa’lpasc) is a

purification of p4p. We have

F2(pag, pap) = F*(Pasc, pagc) 1)
= {pasclpasc)| 92)
1 1 1 1
3 2, =2 -3 2
= |(Da:sc|pipiVaP A2 Pi1®) a:pc)|” (93)
1 1
-5 5 2 _
=|Tr g2 piVal” = F2(pa. pa). (94)

which implies P(pap,pag) < P(pa,p4). Thus it holds

P(pas, pap) < P(pas,pap) + P(Pap. paB) 95)

< P(pa.pa) + P(Pag, paB) (96)

<2P(pap,paB) o7

<e, (98)

which completes the proof. [ ]
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Lemma 10 For any pure state ¢ and quantum state psp
such that g4 = pa, the following two sets are the same,

{Na—p(@an) ~° pap | N € CPTP(A' : B)}
= {oaB ~° pap | 0a =pa}. (99)

Proof: Denote the L.H.S and R.H.S as &1 and S; respec-
tively. It is clear that S| € S and we now show the other
direction. For any quantum state oap € Sy, denote g 4p =
aAl/zaABaAl/ Then, we have 54 > 0 and 74 = 14.
From the Choi-Jamiotkowski isomorphism, we know that there
exists a CPTP map Ny_, g such that Tap = Na g(Paar),
where @44/ denotes the un- normahzed max1mally entangled
state. Thus, we get cap = NA/%B(O'A (DAA/O'A/ ). Denoting
yaa = GA/ (DAA/O"}‘/Z, we have that w44 is a purification
of 04 and since 64 = pa = ¢4 we get that p4 is also a
purification of o4 . Due to Uhlmann’s theorem [50], there exists
a unitary U on the system A’ such that waa = U(¢paa) with
U() = U -U". Hence, we find a3 = N o U(paa) € Si.
This completes the proof. [ ]

Lemma 11 For any quantum channel Ny _, g and ¢ € (0, 1),
denote ki := inf,n cg, Imax (RA B)gn . as the optimal
values, where i = 1,2 and the feasible sets

P n n n
Kl -—{O-RAB‘O'RABN N B(CURAA/) O'RA—CURA}
—— n n — n n ~E
K> -—{URAB‘ opap =Ni_ g (@hpp) ~
NE p(@haa)s N € Perm(A™ : B”)}.

where w'y 4 4/ s the purification of the de Finetti state oy ,, =
J O'?X/d(O'AA/) with pure states oaa = |o){0 |aa and d(-) the
measure on the normalized pure states induced by the Haar
measure. Then k| = k.

Proof: 1Tt is clear that Ko C K thus k; < kp. We need to
show the opposite direction. In the following, let us consider
R"A" as the reference system. For any optimal quantum state
orap € K1, according to Lemma 10, there exists a quantum
channel A/ W/_, g such that

ORAB = NX/QB(CUI;?AA’) ~ NA’»B(W%AA/)' (100)

Then for any permutation operation 7", we have 7}, (0',) =
@'y, Then both 7§, (0}, 4) and @, 4 are puriﬁcations of
@'},. By Uhlmann’s theorem [50], there exists a unitary U, 4
acting on the reference system R" A" such that 7}, (w'% 4 4/) =

UL ga (@ pa) With UL Ry () = U;;,RA(.)(U;,RA)*. Then we

have
T o./\Nf/g’/%B o (Whaa)
=npoNi_p o Uz ra(@Ran) (10D)
w ka0 Th o NG p(@kan), (102)
and
T o ,%’;B o 7 (Wpaa)
=agoNg po . RA(@RAa) (103)
mrA O TE O NG p(@kan)- (104)
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Since the purified distance is invariant under unitary operations
and N%,_ o (', 4) 2 N (@, 1), we have

Ty o ./\72’/_>B ol (Whsar)
(105)
(106)

~ ®n
Ng ﬂg ONA/—>B o n—z/(w};?AA/)

= @iig (@Ran)

where the equality follows from the permutation invariance of
N @3"_) - Due to the convexity of the purified distance, we have

_ 1 -

Ghag ::;ZEEONX/HBOEX/(Q)Z,AA/) (107)
1<
A~ NS g (@haa) (108)

Note that % an Ty o 2’/_) gorm :’V is permutation invariant,
which implies o .5 € K2. Then we have

ko < Imax(RA : B)gy,, (109)
= Imax(RA : B)g i, (110)
< Imax(RA: B) g, (111)
= Inix(RA : B)gn (112)
= ki, (113)

where the first and second equalities follows from the fact
that channel’s max-information is independent on the input
state (see Remark 2), the second inequality follows by the
monotonicity of the channel’s max-information (see Remark 5)
under the superchannel ®(-) = % >on, T}, the last
equality follows from the optimality assumption of o 4 5. This
completes the proof. [ |

Lemma 12 For any quantum states psp and oap such that
pPA =04 and %Hp — o1 < ¢, it holds that

[I(A:B), —I(A:B)y| <2elog|A| + (1 +e)hy (ﬁ) :
where hy(-) is the binary entropy.
Proof: Since I1(A : B), = H(A), — H(A|B),, we have
[I(A:B), —I(A: B),|
= |H(A|B), — H(A|B),|

&
<2¢logl|A 1 hy | ——
e o (15

(114)

(115)

where H(A) and H(A|B) are von Neumann entropy and con-
ditional entropy respectively. The second inequality follows
from [51, Lemma 2.]. [ |

Lemma 13 Suppose the effective channel M Ai—B, =
14, B;— A, B, ©Na,— B; With quantum channel N and bipartite
no-signalling quantum supermap 11, then we have the relation
in terms of the their Choi-Jamiotkowski matrices J/{\;‘Bo =

TrAUB;[(J,'é\((B,-)T ® ]lAiBo]ngBiAoBo'

Proof: ~ This result is widely used when consider-
ing no-signalling codes, e.g., [8], [31]. We include its
proof here only for completeness. Since Ila,p;—A,B, 1S
required to be B to A no-signalling, we can write it as
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M4,B,—~4,8, = DE,Bi—B,FE,~E,£A,—A4,E; With quantum
operations £, F, D. Note that the inverse Choi-Jamiotkowski
isomorphism is given by N g(X4) = Tra J/ﬁ\g (Xg ® 1p).
In the following we will not explicitly write out the identity
1p for simplicity. For any operator X 4, p;, we have
114, B;—A,B,(X4;B;)
=DE,B— B, T Ei—E, €A A.E; (XA, B;)
Ty,

:DE()B[*)BO‘?E[*)EO TI‘A[ J/f,'AoE; XA,' B;

F & Tg. v 1A;
=Dk, B;—B, TTE; JEE, [TrAi (JA,-A(,E,-) Ei XA;'BJ

D F N\T, £ T, v AiBi

=Tre,s Jg, BB, {TTE,' (JEiEU) Eo [TrAi(JA;AUE;) Fi XA,.B,. H

D F \Te, (1€ T, | v TAi B;
=Tra; B [TYE,-EO JE(,BiBO(JE,Eo) Fo (JA,-A(,E,-) E’}XAiBi'~
Thus we have

In a8, = TEE, IE 5.5, (Ee) ™ (IS 4,e) . (116)

Repeating the above steps again for /,\/IVA,.HBO(X A) =
,DEUB,'%BU]:E,'%EOEA,'%AUE,'NAU%B; (XA,')y we have

M _ D F N\T £ Ta e ¢ TN \TB,
Ja.8,=TrA,BEE, JEOB;BU(JEiEU) EO(JA;AUEi) Aoki (JAOBi) Bi

By Eq. (116), we have

I = Tra, s, (I3 g 4 p,) T (I3 5 ) 5 (117)
= Tra,n(Ja5) " I} 5,5, (118)
which completes the proof. [ ]
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